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Collecting semantics

— A program static analysis determines a property of the
program executions as defined by a (so-called stan-
dard) semantics

— The so-called collecting ' semantics defines the strongest
static property of interest
— A collecting semantics therefore defines a whole class

of static analyzes, all the ones that abstract/approximate
it

1 Used to be called static semantics in [1], it collects information about programs.
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Collecting Semantics
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— There is no “universal” collecting semantics, since the
information collected about program runtime execu-
tions can always be refined

— Examples of collecting semantics are computation traces,
transitive closure of the program transition relation,
set of states/predicate transformers, forward /backward
reachable states, etc.

_ Reference

[1] P. Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by
construction or approximation of fixpoints. In Conference Record of the Fourth Annual ACM SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 238-252, Los Angeles, California,
1977. ACM Press, New York, NY, USA.
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Collecting Semantics of
Arithmetic Expressions
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Properties of the forward collecting semantics
of arithmetic expressions
The forward/bottom-up collecting semantics is a com-

plete join morphism (denoted with »ﬂ), that is (S is an
arbitrary set)

Faexp[A] < U Rk> = U (Faexp[A] Rg) ,
keS keS
which implies monotony (when S = {1,2} and R; C R»)
and (-strictness (when S = 0)

Faexp[A]0 = 0.
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Definition of the forward collecting semantics
of arithmetic expressions

The forward/bottom-up collecting semantics of an arith-
metic expression defines the possible values that the arith-
metic expression can evaluate to in a given set of environments*

Faexp € Aexp — p(R) S p(Lo),
Faexp[AJR & {v|Ipe R: pr A v}. (1)

_ Reference

[2] E.W. Dijkstra and C.S. Scholten. Predicate Calculus and Program Semantics. Springer, 1990.

2 The forward collecting semantics Faexp[A]R specifies the strongest postcondition that values of the arith-
metic expression A do satisfy when this expression is evaluated in an environment satisfying the precondition
R. The forward collecting semantics can therefore be understood as a predicate transformer [2].
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Structural specification of the forward
collecting semantics of arithmetic expressions

Faexp[n]R = {n}?
Faexp[X]R = R(X)

where R(X) = {p(X) | p € R}
Faexp[?] =1
Faexp[u A'|R = u®(Faexp[A|R)
where (V) = {u(v) | v € V}
Faexp[[A1 b Ag]R = b®(Faexp[A1], Faexp[As])R
where b°(Fy, F)R = {v1bv, | Ip € R: v € Fi({p}) Avy € By({p})}

3 For short, the case Faexp[A]0 = 0 is not recalled.
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ProOOF.

Faexp[n]R
{v|FpeR: pFn= v}
= {n}

Faexp[X]R
= {v|IpeR:pFX=v}
= {p(X) | p € R}
= R(X)
Faexp[?]
{v|3peR: pk?= v}
= {v|vel}
=1
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Collecting Semantics of
Boolean Expressions
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Faexp[u A'|R
= {v|3peR:pFul =}
= {uv|3IpeR:pr A = v}
= {uv|jve{d|IJpeR:p- A =}}
= {uv | v € Faexp[A|R}
= u’(Faexp[A]R)

Faexp[A; b A2]R

= {v|IpeR:prAbA = v}

= {vibw | P ER: prFA B ApE Ay = v}

= {vbv|FpeR:vie{v | e{pt: A v}iAve{v|Ip €
{p}: 't Ay = vi}}

= {vibwvy | Ip € R:v; € Faexp[Ai]|({p}) A v2 € Faexp[A2]({p})}

& pC(Faexp[A,], Faexp[A;])R

O
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Definition of the forward collecting semantics
of boolean expressions

The collecting semantics Cbexp[B]R of a boolean ex-
pression B defines the subset of possible environments
p € R for which the boolean expression may evaluate to
true (hence without producing a runtime error)

Cbexp € Bexp — p(R) I p(R),
Cbexp[B]R L {p e R|p+ B tt} . (2)
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Structural specification of the forward
collecting semantics of boolean expressions

Cbexp[true|]R = R
Cbexp[false]R = 0
Cbexp[A; ¢ Ag] = € (Faexp[A1], Faexp[As])R
where € (F,G)RE {pe R| Jv; € F{p})N1:3v, € G({p})NI:
v c Uy =}
Cbexp[B; & B2]|R = Cbexp[B1]R N Cbexp[B2] R

Cbexp[Bj | Ba]R = (Cbexp[Bi]RN (Cbexp[Bs]R U Chexp[T(-B,)]R))
U (Cbexp[B;] R N (Cbexp[B;]|R U Cbexp[T'(—B1)|R))
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{peR|I,nmelg:ve{v|Ie{p}:pFAVIAne{v|I e
{p}: P F A= vV}IAv cu =t}
{p € R | 3v1,v; € Ig : v; € Faexp[Ai[{p} A v € Faexp[A:]{p} Avi c v =

t}
Z’Ulg.Q:.QQ’UZZ.Q#:ttS

{p € R| Jv; € Faexp[Ai]{p} NI : Jv, € Faexp[A2]{p} N1: v c v, =tt}
<€ (Faexp[[A:], Faexp[4;]) R

Chbexp[B; & B3] R
{p€R|pFBﬂ:}wl/\pFBzI:wg/\wl&wg:it}
{peR|pFBiettApk By tt})
{peR|pFBi=t}n{pe Rpt By = tt}

Cbexp[Bi1] R N Cbexp[B:]R

Chbexp[B; | B2]R

{peR|pFBl3:>’lU1/\,0FBQBZ>’LU2/\’LU1J’WQZtt}

(©) P. Cousot, 2005

Proor.

Chbexp[true] R
{pE€R|pt true= tt}

{p|p€R}
=R

I8

Chbexp[false]R

{p€ R|pt false = t}

= {o|ff}

=0

Chbexp[A; ¢ As]

{pER|pF Al c Ay )

= {peR|,nely:pr A5 v Apk A= vy Avp cvg = th}

I8

I8
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{peER|pFBiettVpr Bt}

{ Avoiding the case when B; holds but B, yields to a runtime error, or
inversely §
{pER|pFBll:>1t/\(pFle:>tt\/pFB2|:>ff)}U{p€R|pFBg|:>
tt/\(pl_B2ijtt\/p}_BQ@ff)/\(pl_Bllitt\/p}_Bl3:>ﬁ)}
(Cbexp[Bi]R N (Cbexp[Bs]R U Cbexp[T'(—B;)]|R)) U (Cbexp[B:]R N
(Cbexp[B;] R U Cbexp[T(—B1)]R))

<) P. Cousot, 2005
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Small-step operation semantics of commands

Recall that in lecture 5, we have defined the transition
system of a program P= S ;; as

(Z1PL, 7[P]) (3)

where Y[P] is the set of program states and 7[C], C €
Cmp[P] is the transition relation for component C of
program P, defined by

T[C] = {((, p), (£, 0)) | (&, p) =ICl= (£, 0} (4)
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— A basic result on the program transition relation is
that it is not possible to jump into or out of program
components (C € Cmp[P]))

(¢, p), (£, p)) € T[C] = {£,€'} Cinp[C] . (6)
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— Execution starts at the program entry point with all
variables uninitialized:

Entry[P] & {(atp[P], AX € Var[P] . 25)}. (5)

— Execution ends without error when control reaches the
program exit point

Exit[P] & {after p[P]} x Env[P] .

When the evaluation of an arithmetic or boolean ex-
pression fails with a runtime error, the program execu-
tion is blocked so that no further transition is possible.
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Collecting Semantics of Commands
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Big-step operational semantics of commands

— The reflexive transitive closure of the transition rela-

tion 7[C] of a program component C € Cmp[P] is
def

[C] = (r[C])*

— This is called the big-step operational semantics of
commands

— 7*[P] can be expressed compositionally (in the sense
of denotational semantics, by structural induction on
the program components C' € Cmp[P] of program P)
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Structural big-step operational semantics:
skip and assignment

7 [skip] = 1gppy U T[skip] (7)

T*[[X = A = 12[[_;3]] UT[X := A]

Proor. For the identity C' = skip and the assignment C =X := A

[C]
= ldef. of (T[C])* and T[C] so that atp[C] # afterp[C] implies
(7[C])? = 0, whence by recurrence (7[C])" = 0 for all n > 2, 1g
was defined as the identity on the set S§
1y UT[C] .
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— Observe that contrary to the classical big step oper-
ational or natural semantics [3], the effect of execu-
tion is described not only from entry to exit states
but also from any (intermediate) state to any subse-
quently reachable state. This is better adapted to our
later reachability analyses.

Reference

[3] G.D. Plotkin. A structural approach to operational semantics. Tech. rep. DAIMI FN-19, Aarhus University,
Denmark, Sep. 1981.
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Structural big-step operational semantics:
conditional command

7*[if B then Sy else Sy fi] = (8)
(LppppUr2) o ISt © (Lpppp U ) U
(1gpppUTB) o *[S¢] o (Lgppp U )

where:

rBd {((atp[if B then S; else S; fi], p), (atp[S, p)) | pF B = tt}

B¢ {((atp[if B then S; else Sy fi], p), (atp[St], p)) | pF T(—B) = t}

7 < {((afterp[S], p), (afterp[if B then S; else S; fi], p)) | p € Env[P]}
e {((afterp[S(], p), (afterp[if B then S; else Sy fi], p)) | p € Env[P]}
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Auxiliary definitions Starting before the “then” part entry...
For the conditional C' = if B then S; else Sy fi, we define

B def

(atp[C], p), (atp[Si, p)) | pF B = t},
(ate[C, ), (atsISyl, o) | o+ T(-B) = ),
(afterp[S:], p), (afterp[C], p)) | p € Env[P]},
(afterp[S¢], p), (afterp[C], p)) | p € Env[P]} .

~
& I8
P = e

Bl
Il

(
(
(
(

I8
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Starting at the test entry. .. Starting within the “then” branch

[TH THA
I I“ Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 26 — (©) P. Cousot, 2005 I I“ Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 28 — (© P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

Starting after the “then” branch
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illp[[cﬂ = {atp[[C]], afterp[C]]} @] inp[St]] @] iIlp[[Sf]],
{atp[C], afterp[C]} N (inp[S:] Uinp[S]) = 0, (15)
inp[[St}] n lnp[[Sf]] = QJ .
It follows that by (9) to (14), we have
T[C] = ™[C] U T&[C]
where
n[C] £ rBuT[S]u T,
w[C] = TPur[S;ur!.
By the conditions (15) and (6) on labelling of the conditional command C,
we have 74[C] © 7&[C] = 75[C] ° 7[C] = 0 so that
[C] = (m[CD) v (m=[C])" - (16)

Intuitively the steps which are repeated in the conditional must all take place
in one branch or the other since it is impossible to jump from one branch into
the other.
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Proor. Recall from Lecture 5, that for the C = if B then S; else Sy fi
(where atp[C] = ¢ and afterp[C] = ¢'), we have:

pF Bt (9)
(¢, p) =] if B then S; else Sf fif= (atp[Si], p)
pFT(~B) =t . 10)
(¢, py = if B then S; else Sy fif= (atp[S;], p)
(b1, p1) HSi= (&2, p2) (11)
(41, p1) =if B then S; else Sy fif= ({,, p2)
(&, p1) HSs= (&2, p2) ) (12)
(41, p1) =it B then S; else Sy fi[= ({3, p2)
(afterp[Se]), p) =]if B then S; else Sf fil= (¢, p) , (13)
(afterp[Ss], p) ={if B then S; else Sy fil= (¢, p) . (14)

Recall also from Lecture 5, that the labelling scheme of a conditional command
C = if B then S; else Sj fi € Cmp[P] satisfies
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Assume by induction hypothesis that
(m[CD™ = 7B o r[S" 2o TEUTE o T[S U T[S o TEU T[S (17)

This holds for the basis n = 1 since 7[S;] "} = 0 and 7[S{]° = 1g(p) is the
identity. For n > 1, we have

(re[CT)™
= {def. t"1 =t o ¢§

(m[CI)" > [C]
= {induction hypothesis§
(TBor[Si™ 2o Tt UTB o T[S T U T[S L o TP UT[SH™) ° T[C]

(o distributes over U (and o has priority over U)§

TB o ’T[[Sd]niz o Tt o Tﬁ[[c]] @] TB o T[[St}].nﬁl o Tu[[C]] @] TIISA]”il o Tt o 7'¢[[C’]] ]
T[S:]" o [C]
= {by the labelling scheme (15), (6) and the def. (9) to (14) of the
possible transitions so that 7¢ o 74[C] = 0, etc.§
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7B o 7[Se]™ 7 o T [CT U T[Se]™ o T4[C]

= {def. of 7[C] and - distributes over U §
B o r[Sy" o TBUTE o T[S o T[S UTE o T[S o TEUTS]™ o TP U
TIS™ o T[Se) U T[Se]™ o 7

= {by the labelling scheme (15), (6) and the def. (9) to (14) of the

possible transitions so that 75 o 78 =, 7[S{]" o 75, etc.§
’TB o T[[Stﬂn ] ’TB o TIISA]”il o ’Tt @] T[[St]]n+1 @] ’T[[Sd]n o Tt

= {U is associative and commutative and def. (17) of (74[C])™**§
(re[CT)™

By recurrence, (17) holds for all n > 1 so that
([C])

= {def. t*§
(re[C])° L J (reC])”

n>1

= {def. t° and (17)§
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= (o distributes over U (and x has priority over o which has priority over
v)$
(Lo U 7)o (TS)* o (Lyipp U ") -
A similar result is easily established for (75][C])* whence by (16), we get
7*[if B then Sy else Sy fi] = (LggpyUTP) o (T[Se])* o (Lgppp U ™) U
(Lgrpy UT?) o (T[S o (Lgpp U ) -
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1gpp U U(TB oT[S" 2o TP UTE o T[St U T[S o TEUT[S™)
n>1
= (o distributes over U§

1xp) urfoe (U T[[St]]”‘2> orturPo (U T[Sd]"*) U (U T[[St]]"‘1> .

n>1 n>1 n>1

‘v U T[S]"
n>1
= {changing variables k =n —2and j = n — 1, 7[S] ! = 0, 7[S:]° =
1xp) and by the labelling scheme (15), (6) and the def. (9) to (14)
of the possible transitions, 75 o 7¢ = 0, etc.§

8o (U T[[St]}k) orturPo (U’T[[Stﬂj> u (U T[[St}]j> ortul TSI
=  (7Bort =0 and def. of t*jjf . .
T2 (T[S0) e TP U T (TISD) U (TIS]) " e U (TLSi])
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Structural big-step operational semantics:
iteration command

7*[while B do S od] = (18)
(1gppp U ST o ) o (77 o T[S] e o
(1ggpp U TP o ISJUTP)) UT[ST*
where:

i ((atp[while B do S od], p), (atp[S], p)) | pF B = tt}

™ =A

78 & {({atp[while B do S od], p), (afterp[while B do S od], p)) |
pt T(~B) = t}

8 & {{(afterp[S], p), (atp[while B do S od], p)) | p € Env[P]}

w
18 I8
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Auxiliary definitions
For the iteration C' = while B do S od, we define

TI? = <<atp[[C]], ,0>, <atP[[S]]! ,0>> ‘ pF B tt}:
8 £ {((atp[C], p), (afters[C, p)) | o+ T(=B) = tt},

Starting withing the loop body...

7% £ {((afterp[S], ), (atz[C], p)) | p € Env[P]} .
Illil- Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 37 — (©) P. Cousot, 2005 Illil- Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 39 — (© P. Cousot, 2005
Starting at the loop entry. .. Proor. Recall that for the iteration C = while B do S od (where atp[C] = ¢,
afterp[C] = ¢ and 43, 4> € inp[S]), we have defined
pl—T(—!B)F:>tt (19)
(¢, p) =Jwhile B do S od}= (¢, p) ’
pFBEt (20)
(¢, py =while B do S od==> (atp[3], p) ’
(41, p1) HST= (&, p2) (21)
<£1, p1> i:ﬂwhile Bdo S OdD:> <£2, p2>
(afterp[S], p) =Jwhile B do S od—=> (¢, p) . (22)
Recall also from Lecture 5 that the labelling scheme of an iteration command
C =while B do S od € Cmp[P] satisfies
inp[C] = {atp[C], afterp[C]} Uinp[S], (23)
{atp[C], afterp[C]} Ninp[S] =0 .
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and the basic results on the program transition relation which are
VC € Cmp[P] : atp[C] # afterp[C] . (24)

and that it is not possible to jump into or out of program components (C €
Cmp[P]))

({8, p), (£, ) € 7[CT — {,£} C inplCT . (25)
It follows that by (19) to (22), we have
r[c] = TPur[sjurfur?. (26)
We define the composition (O, ¢; of relations t1, ..., t, %
_(n]lti “, when 7 <0,
-
(()jlti « lgp;, when n =0,

4 Observe that o is associative but not commutative so that the index set must be totally ordered for the
notation to be meaningful
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780 rBUT[S] o TBUTE 0 7BUTE o 7BUTE o 7[SJUT[S] o T[S]UTE o T[S]U
Bor[SJurBorRuUT[S] e rRUTR crRUTB o 7R UTB o 7B UT[S] o 7B U
TRorBurBorh
= {78 <78 =0, by (20) and (24);
T[S] = 7B = 0, by (21), (20), (25) and (23);
780718 =0, by (19), (20) and (24);
TR 7[S] = 0, by (22), (21) and (23);
780 7[S] =0, by (19), (21), (25) and (23);
78 o rR =0, by (20), (22) and (24);
TR o R =0, by (22), (23) and (25);
780718 =0, by (20), (19), (23) and (25)
[S] <7 =0, by (21), (19), (23) and (25);
78018 =0, by (19) and (24)§

RorBUrBor[SJuUT[S|?UT[S] e TRUTR 75 .

eI T

3
G ||
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T def
Ot;, =tyo...0t,, when n>0.
=1
In order to compute 7*[C] = U,», 7[C]" for the component C' = while B do
S od of program P, we first compute the n-th power 7[C]™ for n > 0. By
recurrence T[C]° = 1gp;, T[C]' = 7[C] = 7P UT[S]UTRUTE. Forn > 1,

we have

(r[en?
= {def. £ =t o t§
T[[CH o T[[C]]
= {def. (26) of T[C]$
(rPur[S]uTfUTE) o (rBUT[S]UTRU )

= (o distributes over U (and o has priority over U)§

[TH
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The generalization after computing the first few iterates n = 1,...,4 leads to
the following induction hypothesis (n > 1)

(rle)* € 4,UB,UC,UD, UE,UF,UG, (27)
where
J
A, ¢ OB o 7S5 = TR ; (28)

. =1

J
n= 5 (k;+2)
i=1

(This corresponds to j loops iterations from and to the loop entry atp[C]
where the i-th execution of the loop body S exactly takes k; > 1° steps.
A,=0,n<1)

g2 U ((Oe7erisrern) rorisy) o)

n=( 21(k1+2))+1+£

i=

5 For short, the constraints k; > 0, 2 =1,..., 7 are not explicitly inserted in the formula.
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(This corresponds to j loops iterations from and to the loop entry atp[C]
where the i-th execution of the loop body S exactly takes k; > 1 steps followed
by a successful condition B and a partial execution of the loop body S for
£>0 ®steps. By=0, B, =715)

J _
e U ((Queerster) )i @
=1
n:(g,‘l(kﬁz))ﬂ
15 correspondas to 7 loops 1terations winere € 1- execution o € loop
Thi ds to g1 iterati h the z-th ti f the 1

body S has k; > 1 steps within S until termination with condition B false.
Co = @, Cl = TB.)

0.2 U (rsrert (Qeertstr) ) 5 )

J
n:€+1+('21(k1+2)>
p

6 Again, the constraint £ > 0 is left implicit in the formula.

[TH
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RE U (rsrerte (O rspe ™) o) 5 (39)

J
n:(‘zl(kl+2))+£+2
iz

(This case is similar to B, except that the execution of the loop terminates
with condition B false. Fy = F} = 0 and Fy = 7% 0 75))

Gn = (1[S])"; (34)

(This case corresponds to the observation of n > 1 steps within the loop body
S.).

We now proof (27) by recurrence on n. Given a formula F, € {A,,..., F,}

of the form 7, = |J 7T(n,¢,m,...), where n,{,m,... are free variables
C(ntm,..)

of the condition C and term 7, we write F, | C'(n,£, m,...) for the formula
T(n,£,m,...).

C(nm,.)AC'(ntlm,..)

e
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(This corresponds to an observation of the execution starting in the middle
of the loop body S for ¢ steps followed by the jump back to the loop entry
atp[C], followed by j complete loops iterations from and to the loop entry
atp[C] where the i-th execution of the loop body S exactly takes k; > 1 steps.
DO = 0, D1 = TR.)

E, “ U (THS]]Z orRo (é(TB o T[S]Fi TR)> orPo T[[S]]m) ; (32)

=1
J
n:(ﬂl(k1+2))+l+2+m
p

(This corresponds to an observation of the execution starting in the middle
of the loop body S for £ > 0 steps followed by the jump back to the loop
entry atp[C]. Then there are j loops iterations from and to the loop entry
atp[C] where the i-th execution of the loop body S exactly takes k; > 1 steps.
Finally the condition B holds and a partial execution of the loop body S for
m > 0 steps is performed. By = By = 0 and Fy = 770 7B))
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— For the basis observe that for n =1, A, =0, B, = 75, C; = 78, D, = 78,
E, =0, F, =0 and G, = (7[S])* = 7[9] so that

(ren)’ = Il )
= rBur[Sjurfur®
= B1UG1UD1U01
= A1U31UC1UD1UE1UF1UG1.

— For n = 2, observe that 4, =0, By = 78 7[S], C, =0, D, = 7[S] o 7%,
Ey=7ForB, Fy = 7R o 7P and Gy = (7[S])? so that

(r[e])? = e rPurPer[SJuT[SPUT[S] s TRU TR o 7B
B,UB,UG,UD,UE,UF,
AzUBzUCQUDgUEgUFQUGg.

—— For the induction step n > 2, we have to consider the compositions
ApoT[C], ..., GpoT[C] in turn.
i
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— Ay T[[Cﬂ
= {def. (26) of T[C]$
Ao (TBuT[S]UTRUTE)

= {° distributes over U, n > 250 j > 1 whence A, = 7' o 7%, 7R o 7[S] =
0 and 7% o 7% = 0§

A oTBUA, TP

= {def. (28) of A, and T[S]° = Lgp$

J
U Q(TB”[[S]]’%TR)) o780 r[S]°
n1=( 3 (4 2) 4140 o

%

u ( U ;(TB o T[S]* o TR)> o7B

j %
nb1=( 5 (ki )1
i=1

= {def. (29) of B,;1 with additional constraint £ = 0 and def. (30) of

Cn+1$
B, |£=0U Cpyy .
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I I" Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 49 — (©) P. Cousot, 2005

(Br1 [£=1)U(Bpaa [ £> 1)U
U (O ertsperm) o (2 ortsytor)
n+1:(é‘1(k1+2))+2+4 =
{by letting kj 1 =€ > 1§

(Brs1 [ £=1)U(Bpy1 | £ > 1)U U <j(51(7'B o TﬂS]]kl o TR)>

=1

n+1:2§’11(k1+2)
{by letting 7' = 7 + 1 and def. (29) of 4,1}
(Br1 1 £=1)U(Bnt1 [£> 1)U Apis
{associativity of U§
(Bni1 1 €£>0)U Apy1 .

—Cro7[C]
= {def. (26) of T[C]§
Cno (rP UT[S]UTRUTE)

THd
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— B, > T[C]

= {def. (26) of T[C]§
B, (rPur[s]uTfuUTP)

= {° distributes over U, either £ = 0 in B,, in which case B, = 7’ o 75,

TBO’TB:@,TBOTRZGandTBOTBIQOre>Oian,inwhich

case B, = 7" 7[S], 7[S] o 78 = 0 and 7[S] o 78 = 0§
(Bp | £=0)o7[S]U(Bn|£>0)oT[S]U(Bn|£>0)oT"

= {def. (29) of B,§
(Bri1 [ £=1)U(Bps1 [ £>1)U

U <<;O1(TB o T[S]¥ o TR)) o7B o T[[sﬂl> o R

J
":(ﬂl(’%”))ﬂﬂ
1=

= (o distributes over U§

[TH
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B R

{o distributes over U, C, = 7' o 78 and 78 o 78 = 7B o 7[S] = 7

I

oT

0.
— D, - 7[C]
= {def. (26) of T[C]S§
Dy o (rPur[S]urfurh)
{° distributes over U, D, has the form 7/ o 7% and 78 7[S] = 7R o 77

:03 ~
D,otBuD,o1?

{def. (32) of E, and (33) of F,§
(En+1 | m = 0) U Fn+1 .

—BE,o T[[C]]
= {def. (26) of T[C]§
Eno(TBUT[[S]]UTRUTE)
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= {° distributes over U, E, | m = 0 has the form 7' o 78 while E, |
m >= 0 has the form 77 o 7[S], 7B o 7B = 7B o 7B = 7B o 78 = 0

and 7S] o 78 = 7[S] o 78 = 0

(Bn|m=0)or[S]U(E,|m>0)oT[S]U(E,|m >0)o7F

= {def. (32) of E,, and (31) of D,y where k; =m > 1 so that £ < n§
(Bpii|m=1)U(Epi1|m>1)U(Dpy1] €< n)

= {U is associative
(Bpni1|m>0)U(Dpy1 | £<n).

— F,o7[C]

= {def. (26) of T[C]§

(Ap o T[C]U B, o T[C]UCyr o T[C] U Dy o T[C]U By, o T[C] U Ey, o T[C] ©
(rlen™-rlcl
= {replacing according to the above lemmata§
(Brs1 | £ =0 U Cri)) U((Bpt1 | £ > 0)UApi1)) UDU ((Bpyr | m =
0)UF:)U((Bns1 | m > 0)U(Dnss | £ < n))UBU((T[S]) U(Dps1 | £ = 1))
= {U is associative and commutative and (Dpy1 | £ > n) =
Apn1UBp1UCh1 UDp  UER U Py UGnp

By recurrence on n > 1, we have proved that

(rleh)* € 4, uB,UC,UD,UE, U F,U (t[C])"

_ so that
F,o (tBur[SJurfurh)
- *
= { distributes over U, by def. (33) of F, has the form 7/ o 75 and ~[C]
TBoTBzTBo'T[[S]]:TBo'rRzTBoTB:@S = (TIIC]])*
0. = (r[C])° U | J(4n U B, U Cy U Dy U B, U U (7[S]))
n>1
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—Gr o 7[C] = (rlen®uJAau | BauJCuu | Dru | Bnu | Fou(7]S])Y) -

= {def. (34) of G,, and (26) of T[C]§
(T[S])" o (rB U T[S]U TR U 7B)

= {o distributes over U, n > 1, 7[S] o 78 = 7[S] o 78 = 0§
(r[SD)" o TIST L (T[ST)" o 7F)

= {def. n + 1-th power and (31) of D,1§
(T[S U (Dnss [ £=1) .

Grouping all cases together, we get
(rlep

= {def. n + 1-th power and (27)§
(A,UB,UC,UD,UE,UF,UG,) e (T[C])"

= (o distributes over U, def. (34) of G,,§

[TH
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n>1 n>1 n>1 n>1 n>1 n>1
We now compute each of these terms.

U

n>1

= {def. (28) of A,§
J
U U Owerlsperd
21 =
n:lfl(kiJrZ)
= {for n € [1, 3] this is @ while for n > 3, we can always find j and k; > 1,
...,k; > 1 such that n = i‘ (k; + 2). Reciprocally, for all choices of j
i=1

and k1 > 1, ...,k; > 1 there exists an n > 3 such that n = i‘(kl +2).§
=1
('TB 5 T[[S]]+ ° TR)+

= Pert=0y
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(7B o T[S o TR .
By the same reasoning, we get

U Bn = (8o rlS] o 78y o 78 o 7S],
n>1

UCn = (Porls] o7y or?,

n>1

U Dn = 7SI o 7% o (75 o 7[ST* o 7)Y,
n>1

U=

n>1

UF

n>1

T[S o 7% o (7 o T[S o 7Y o 75 o 7[ST,

T[S]" ° Tfo (TB o T[S]" o TR)* o .

Grouping now all cases together and using the fact that o distributes over U,
we finally get

Structural big-step operational semantics: sequence

T[C1; ... ; Cp] = 77[C1] o... o TF[Cn] (35)

PRroOF. Let us recall from Lecture 5 that if S=C ; ... ; C, wheren > 1is
a sequence of commands and ¢;, 4; 1 € inp[C;] for all ¢ € [1,n], then

(i, pi) =Ci= (£ir1, pir1) (36)
(b, pi) =[C1 5 ... ;s Cul= (lis1, pis1)
We also have the labelling scheme

atp[[S]] = atp[[C’l]],
afterp[S] = afterp[Cy],

inp[S] = Uinp[[ci]],
Vi € [1, n[: afters[C.] = at[Cs,1] = inp[Ci] N inp[Cival, (37)
Vi,j€l,n]:(j#i—1A7#i+1) = (inp[C;] Ninp[C;] = 0) .
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[C] = T[S]°U (7B o T[S o TRYT U (7B o T[S]* o 7F)* o 7B o T[S]*
U(TB o 7r[S] o TB) o T U T[S]" o 78 o (78 o T[S]* o 7F)*
U T[S]* - R (TB o T[S]* o TR)* o7B o r[S]* 1 —— Let S be the sequence C; ; ... ; Cyp, n > 1, we first prove a lemma.
U T[S]* o 78 o (78 o T[S]* o 7R)* o 7B
[ ]]* ( 5] ) 1.1 — Let P be the program with subcommand S = C; ; ... ; Cp.
uT[S] . . . . i
. R B . Ru 5 e B Successive small steps in S must be made in sequence since, by the definition
= (LgppUT[ST o 77) o (77 o T[S]" o 77) o (1ggpp U 7 o T[S[*UTT) (4) and (36) of 7[S] and the labelling scheme (37), it is impossible to jump
uT[s]. from one command into a different one

[TH
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MIC] ..o TH]C] = (38)
([V’LE [l,n]iki:()?lz[[p]]
131<i<j<n:Vel,n]:(ke#0 < L€ [i,5]) 27H[Ci] o...oTM[C}] : 0) .

The proof is by recurrence on 7.

1.1.1 — If, for the basis, n = 1 then either k; = 0 and 7°[C}] = 1gp or
ki > 0 and then 7%[Cy] = 75[C;] o ... o 7%[C}] by choosing 7 = 5 = 1.

1.1.2 — For the induction step, assuming (38), we prove that

TF
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T = 7R[Cy] o ... 0 TF[Cp] o T*+1[Chyi]

is of the form (38) with n + 1 substituted for n. Two cases, with several
subcases have to be considered.

1.1.2.1 — If Vi € [1,n] : k; = 0 then we consider two subcases.

11211 — Ifk,; =0then Vi€ [l,n+1]:k;=0and T = 7M[Ci] o ... 0
Tk"[[cnﬂ o Tk"+1[[0n+1]] = 12[[}:)]] o TO[[CH+1]] = 12[[13]].

1.1.2.1.2 — Otherwise k,1 > 0 and then V£ € [1,n + 1] : (k; # 0 <—
ten+1l,n+1))and T = tM[C1] o ... o TF[Cp] o TFr1[Cria] = 1gppy ©
Tk [Cpia] = TH[C] o ... o 7% [Cy] by choosing i = j = n + 1.

1.1.2.2 — Otherwise, 31 € [1,n] : k; # 0.
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1.1.2.2.1.21 - If j <nthen tFt! =toth =tk ot s0
T = 7H[Ci] o ...o T%7Y[Cy] eo T[C)] o T[Crsr] o TF»  [Cri] -
By the definition (4) and (36) of 7[C] and the labelling scheme (37), we have
T[C;] o T[Cni1] = 0 since j < n so that in that case T = 0.

1.1.2.2.1.2.2 - Otherwise j =nso V2L € [0,i[: k,=0,VL € [t,n+ 1] : k>0
and T = 7H[C;] o ... o T#2[C,] o T*1[C}11] whence V¢ € [1,n + 1] : (k; #
0 < £€fi,j)withl1<i<j=n+land T =75[C]o...0TH[C)].

1.1.2.2.2 — Otherwise V1 <t <j<n:3 e [1,n]: (ke £ O0NLL [i,5])V(LE
[¢,7] A ke = 0).

1.1.2.2.2.1 — This excludes n = 1 since thent =7 =¢=1and k; =0 in
contradiction with 3¢ € [1,n] : k; # 0.

e
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11221 — I <i<j<n:Ve[l,n]:(k#0 < L€ [i,]]) then by
(38), we have

T = 78[C] o ... 0 TH[Cy] o TFr*1[Crya] -

112211 = Ifkpyy =Othen 31 <4< j<n-+1:VLe [L,n+1]: (ke #
0 < (€ [t,7]) and:

T = 78[C] o...0TH[Cy] o TFr1[Cria],
= Tk’[[ci]] °o,..o0 Tk][[Cjﬂ o 12[[}:]],
= Tk’[[ci]] oL .. OTkJ[[Cjﬂ .
1.1.2.2.1.2 — Otherwise k,.1 > 0 and we distinguish two subcases.
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1.1.2.2.2.2 — If n =2 then k; =0 and ky, > 0 or k; > 0 and ky, = 0 which
corresponds to case 1.1.2.2.1, whence is impossible.

1.1.2.2.2.3 - So necessarily n > 3. Let p € [1,n] be minimal and g € [1,n]
be maximal such that k, # 0 ad k; # 0. There exists m € [p,q] such that
kn = 0 since otherwise k; # 0 and either £ < p in contradiction with the
minimality ofp or £ > 7 in contradiction with the maximality of g. We have
p<m < qwith k, #0, k, = 0 and k; = 0. Assume m to be minimal
with that property, so that k,,_; # 0 and then that ¢’ is the minimal g with
this property so that ky_, = 0. We have k; =0, ..., k-1 =0, k, #0, ...,
km_1 =0, kpn=0, kg1 =0 kg # 0, ...It follows, by the definition (4) and
(36) of 7[C] and the labelling scheme (37) that 7*[Cy] o ... o T*2[C,] = 0
that T = @ o 7%*11[Cpyy] = 0.
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It remains to prove that

Vi<i<j<n+1:3He[l,n+1]:(ke#O0ALE[i,5])V (LE[3,5] Ake=0).

1.1.2.2.2.3.1 - If j < n + 1 then this follows from (38).

1.1.2.2.2.3.2 - Otherwise = n + 1 in which case either k,; = 0 and then
we choose £ = j or kpy1 > 0 sothat ¢ = j =n+1. If j < m then for
£ = m, we have k; = k,, = 0. Otherwise m < i < ¢’. Choosing £ = p, we have
£ e [1,7] with k, = k, # 0.

1.2 — We will need a second lemma, stating that k small steps in C ;
... ; C, must be made in sequence with k; steps in Cj, followed by k, in Cj,
..., followed by k, in C, such that the total number k; + ... + k, of these
steps is precisely &

TFC, 5 .. Chl
{def. t¥71 = t* o ¢ of powers]
'rk[[C’l s CpleT[CL ;oo G
{def. (4) and (36) of T[C] ; ... ; Cy]§

T*[Cys .. 5 Call e | TCm]

m=1
(o distributes over U§
U7Crs .5 Cal e TCn]
m=1

{induction hypothesis (39)§

U U Mcile...om™[Cul | o T[Cnl

m=1 \ k=k1+...+kn
{~ distributes over U§
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n
k1 k
TR[C] o ... 0o T™[Cy] ° T[Chl
oo = . 5 u U
T [C1; ... 5G] = U THC o .. o™ [Ch] . (39) k=ky+...+kn m=1
k=ki+...+kn def

The proof is by recurrence on k > 0.

12.1 — For k=0, we get k; = ...= k, = 0 and 1gp) on both sides of
the equality.

1.2.2 — For k = 1, there must exist m € [1,n] such that k,, = 1 while for
all j € [1,n] —{m}, k; = 0. By the definition (4) and (36) of 7[C} ; ... ; Cy],
we have

n

TICs .5 Cal = [ 7TICn] -

m=1

1.2.3 — For the induction step k > 2, we have

[TH
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According to lemma (38), three cases have to be considered for

{by definition§
T.

1.2.3.1 — We first show that

Tc |J M.

k+1=Kj+.+kp

t & MCy] ... o T[Cy]

o 7R [Cy] -

o T[Cr] -

1.2.3.1.1 — The case Vi € [1,n] : k; = 0 is impossible since then k£ =
351 k; = 0 in contradiction with & > 2.
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12312 — Elseif 1 <i<j<n:Veln: (ke #0 < £L€I,]])
then

t L h[C]o... o ™M[C)] o T[Cm] .

We discriminate according to the value of m.

1.2.3.1.2.1 - If m = 3, we get
t = 1h[C]o...0THC],
= M[Cy] e ... T*[Cy]

with k+1 =k +...+kj where k| =0,..., k|, =0, ki =k;, ..., K, = k; +1,
K. =0,..., Kk, =0.

t & FH[C]o. .. 0 TRC,] .
12321 —IfVi € [1,n] : k, = 0then k+1 = >.7 ki = 0 which is
impossible with & > 0.

12322 — Elseif 31 <1< j<n:Ve[l,n]:(k,#0 < L€ [i,7])
then

t & K[Ce...oTM[C)] .

with all &, > 0, ..., k} > 0.

1.2.3221 - If k; =1thentis

1.2.3.1.22 - Ifm=7+1, we get
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— ki, k ) v def g/ /
t=r1uCle... oG] o T[Clnl, t & rR[C] ... o TH[C 4] o TV[C] .
=7h [Ci]e...0 Tk"[[Cn]] , ,
so we choose k1 =0, ..., ki1 =0, ki = kj, ..., kj-1 = k4, k; =0, ...,

with K+ 1 = k; + ... + kj, where K} = 0,..., k;_, =0, k; = ki, ..., ki = kj,

1
Koy =1,k.,=0,...,k =0.

1.2.3.1.2.3 - Otherwise, by the definition (4) and (36) of 7[C] and the
labelling scheme (37), 7[C;] ° T[Cm] = 0 so that T' = 0 that is t = 75[C,] »
..o TEn[C,] with k) = kg for £ € [1,n] — {m} and k, = ky, + 1.

1.2.3.1.3 — Otherwise T' = 0 so that the inclusion is trivial.

1.2.3.2 — Inversely, we now show that
U Hlade...or[c,] € T.
k+1=k|+...+kp

According to lemma (38), three cases have to be considered for

[TH
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kn=0and m=jwithk+1==%k;+...+k, whence k =k; +...+ k.

1.2.3.2.2.2 — Otherwise k} > 1 then we have t of the form required for T
by choosing k1 =0, ..., kio1 =0, k; =K, ..., k; = k;f 1, ki1 =0, ...,
kn=0and m=jwithk+1==k;+...+k, whence k = k; + ...+ k.

1.2.3.2.3 — Otherwise t = 7¥[C1] o ... o 7¥2[C,] is @ which is obviously
included in T'.

1.3 — We can now consider the case 1 of the sequence S =C; ; ... ; Cp,
n>1
* . .
T [[Cl e Cn]]
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{def. reflexive transitive closure§

U'rk[[Cl |
= = {lemma (39)§

U Mede...or[Ci]

ki+...+kpn>0
= U...UTkl[[Cl]]o...O’Tk"[[Cn]]
k120 kn>0

= (o distributes over U§

(U T’ﬂ[[cl]]> o...0 (U Tkn[[cn]]>

k120 kn>0
= {def. reflexive transitive closure§

[Ci] s ... o T[C] -

TH
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U181
k>0

= {def. reflexive transitive closure§
7S] .

O
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Structural big-step operational semantics:
programs

*[8 ;;] = 77[9] . (40)

ProOF. Let us recall from Lecture 5 that for programs P = S ;;, we have:

(¢, p) HS= ¢

. 41
T o) =I5 = (0, 7) (1)
For programs P = S ;;, we have
T[S ;5]
= {def. reflexive transitive closure§
U T* [S ;5]
k>0
= {by the definition (4) and (41) of T[S ;;]§
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Classification of Program Trace
Properties: Safety & Liveness
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R

Fred B. Schneider

_ Reference

[4] Fred B. Schneider. “Decomposing Properties into Safety and Liveness using Predicate Logic’. Cornell Uni-
versity Computer Science Department Technical Report TR 87-874, October 1987.
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Safety

THd
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Safety and Liveness, informally

— safety properties: informally, “bad things” cannot hap-
pen during program execution [5]

— liveness properties: informally, “good things” eventu-
ally do happen during program execution [5]);

_ Reference

[5] L. Lamport.
Prouving the correctness of multiprocess programs. , LE.E.E. Trans. on Software Engineering SE-3:2, p.
125-143, March 1977.
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Trace properties’

— X set of states

— X*: non-empty finite or infinite traces over states in
X

— A trace property P is the set of traces which have that

property so
P € p(Z®)

7 Recall that if the trace semantics is in p(Z) then properties of this semantics are in gp(fp(XZ*)) whence
not all of these properties can be expressed as trace properties. An example is “to be a deterministic
program”. Formally, if X is a set of states and 2’ is the set of finite or infinite executions. Then “to be a
deterministic program” is to have a single possible execution, indeed any one in X’*. So the trace semantics
of deterministic programs has the form {o} for any trace o € Z°. The corresponding property, that is the
set of all such semantics is therefore {{o} | o € Z°}. If we where to express this with some P C ' we
would be allowed only P = {0} for some trace o € Z®. So we have to describe exactly the execution of
the program while {{o} | 0 € Z*} allows us to state that this paricular execution trace is indeed unkown.
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Definition of Prefix Closure

— The prefix closure PCI(S) of aset S € p(X*°) of nonempty
traces, is the set of all nonempty finite prefixes (also
called left factors) of traces in S

def

Pa(S) E foec 5" |0 € 5% :0-0' €S}

TH
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— For bifinitary sequences, PCl satisfies:
- PCl € p(Z%) 5 p(ZF)

PCl € p(Z%°) = p(ZF)

X Z PCI(X), when X N 59 £

- PC(PCI(X)) = PC(X) idempotent
- PC(X UY) =PaA(X)UPC(Y)® additive
- PCI(0) =0 P-preserving
9 This implies X C Y = PCI(X) C PCI(Y).
Illil- Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 83 — ©) P. Cousot, 2005

Properties of the prefix closure

— For finite sequences, PCl is a topological closure oper-
ator on p(Z¥) and p(57):
- PC € p(ZF) — p(5F)

PCl € p(5T) — p(Z7)

- X C PC(X) increasing/extensive
- PC(PCI(X)) = PC(X) idempotent
- PCA(X UY) =Pa(X)UPC(Y)® additive
- PCI(D) =0 Q-preserving

8 This implies X C Y = PCI(X) C PCI(Y).
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Definition of Limit Closure

— The limit Lim(S) of a set S € p(Z°) of nonempty
traces, is the set S augmented with all infinite traces
which have infinitely many finite prefixes in S

Lim(S) ¥ Su{oe =9 |Vi:3j>i:€N:0y...05 € S}

TH
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Properties of the limit closure

— Lim is a topological closure operator on g(5%).

ProoF. — X C Lim(X) extensive
- Lim(X UY) = Lim(X) ULim(Y) additive *
— Lim(Lim(X)) = Lim(X) idempotent

- Lim(0) =0 P-strict
[]

10 gince any infinite sequence in Lim(X UY') not in X UY has infinitely many different prefixes in X UY. If there
are finitely many in X then there are infinitely many in Y so the limit is in Lim(Y’). Same if there are finitely
many in Y then there are infinitely many in X so the limit is in Lim(X). If there are infinitely many in both
X and Y then there milts are identical and in both Lim(X) and Lim(Y’). So Lim((X UY)) C Lim(X) ULim(Y).
The inverse is trivial.
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Example of safety: invariance

—pClxXY state relation
- Sy ={o € Z®|Vie|0,|o][: (00, 0;) € ¢} invariance

of
S,

- 7% C Sy if and only if all reachable states are linked
to initial states by ¢:

safety property

T*C(p

THd
I I" Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 87 — (© P. Cousot, 2005

Formal Definition of Safety

- 8 C ¥% is a safety property if and only if [6]:
Safe(S) = S
where:
Safe & Lim o PC| (42)

i.e. S is closed by limits of prefixes

_ Reference

[6] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181-185.
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Counter-example of safety property
- Y ={a,b}
- 5= {a}" ()’

= {a"™ |n >0Am >0}

— All traces in S have a finite number of a’s followed by zero or
more b’s

— The infinite trace ¢ = aaaaa. .. is thus excluded from S

— Its impossible to discover this fact by observing finite prefixes
of traces in S

— So S is not a safety property

TH
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PROOF. — S ::{a}$ {8}
- PCI(S) = {a,}f U {a}+ {p}*
= {a}" {8}’
=S
— Lim(PCI(S)) = Lim(S) }
= SuU ia}w U ia}+ : {b}“7
= {a}*U{a}" - {6}*
- S # Lim(PCI(S))
0
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Suffix of a trace

o /' n is the suffix of trace ¢ beyond n € N

-0,/ n=¢ ifn>|o]
-0/ ' n=o0p...0p_1 ifn<l=lo|<w
-0 ,/'Nn=0p0pt10n12- .. if o] =w
Illil- Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 91 — (© P. Cousot, 2005

Prefix of a trace

o/ n is the prefix of length n € N of trace o
-—o,/n=g¢ iff [o| <n™
-oy/ n=o0gy...0p-1 iff o] > n

11 Recall that |o| is the length of o, w if infinite.
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Characterization of safety properties

Safety properties S can be disproved by looking only at
some finite partial program behavior:

VocZ®:(c¢gS) «— (Fi>1:0,1¢59)
PROOF. Limo PCI(S) =S

<= LimoPC(S)C S

e {oeX®|Vi>1:0,/1€PUS)}CS

e {ceZ®|Vi>1:36€5%:0,/1.8€8}CS

= VoeZ®:(Vi>1:3€ 5% :0/i.8E€8) = (s €8)
= Vo eE®: (0¢g8) = (I >1:VBEZ* 0,/1.8¢8)
I o 16.900: “Abstract nterpretaion’, Tuesday Masch 15t 2005 e & P. Cousot, 2005
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= VoeI0:(0¢g8) — (Fi>1:VBe X :0,/i.6¢8)
since if 7 > l:V,BEZ'&:a/i.,BQSthenin
particular for 8 = 0 /'n, wehaveo =0,/ 1.0,/ '"n & S.
= VoeZ®:(c¢g8) «— (Fi>1:0,/1¢8)"
since VB € 2% :0/i.8&8S < 0,/i¢ 8
= choose B =¢

< S is a safety property so PCI(S) = S hence (0% «
BeS)= (o,/1€8)s0(0/1¢8S)= (0%
BES).

12 This corresponds to the usual explanation of safety: if a “bad thing” does occur (i.e. o ¢ S) then this
can be recognized in finite time. Otherwise stated, there is a finite observation where something undesired
happened which is irremediable, because it cannot be fixed in the future no matter how it is extended.
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Definition of Liveness
— S C X% is a liveness property if and only if [7]:

Lim o PCI(
PCI(
o

S) =
= S) = 5+
—

M
-
)
=

__ Reference

[7] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181-185.

13 Otherwise stated S is dense in the topology induced by the topological closure operator Lim o PCl which
fixpoints are the closed sets.
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Liveness
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Examples of liveness properties
-2 ={a,b}, Z*.{b}
- Y ={a,b,c}, {a}* . {b,c}. 2%

-2 ={a,b}, {a}- ¥ {aa} « 59U {b} . ¥ . {bD} .
Z’w
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Characterization 1 of liveness

— Proving liveness properties S imperatively requires the
consideration of infinite behaviors:

Vac St 385 a. 88
PROOF. Lim o PCI(S) = %
& X% C Limo PCI(S)
— Z®C{oeX®|Vi>1:0,1€Pd(S)}
e ZOC{oeZ®|Vi>1:3€ 5% 0/1.0€ S}
= VoeS®:Vi>1:38€ X% 0,/5.8E€S
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Example of Liveness Property: Termination
- L=2xt termination
~ PCI(L) = PC(ZF) = 7
—TRCL &= TRC I — 9= termination

(there is no possible infinite execution).

liveness property

A liveness property cannot be checked by a program dur-
ing its execution so liveness is inobservable at execution.

e
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e Vaec 5. 3ec T :a.fecSH
0

14 A liveness property stipulates that a “good thing” eventually happens. For a liveness property, no partial
execution is irremediable: it always remains possible for the “good thing” required by the liveness property
(termination, receiving service, progress of a computation) to happen in the future. So disproving liveness
requires considering all possible infinite executions.
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Dual Limit

[m(P) = —(Lim(~P))
— im(P)=~{c € X®|Vi €N, :0,1 € ~P}

={ceZ®|[JeN,:0/i€cP}
so that P C [im(P) since whenever o € P, we have
o/|o| = o € P proving:
PCl o [im is extensive
since P C PCI(P) C PCl(Lim(P)) follows from extensiv-

ity and monotonicity of PCl.
nir

Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 100 — ©) P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

Characterization 2 of liveness
If we define:

Live(P) def ﬁSafe(P) UP

then

P C ¥% is a liveness property if and only if
Live(P) = P.

PROOF. — Live(P) is a liveness property: (43)
>

= PCI(P) U —=PCI(P)

C PCI(P) U PCl o Lim(=PCI(P)) PCl o [im is extensive
I
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[]

An immediate consequence is that Live is extensive and
idempotent. However it is not monotonic (§ C ZF but
Live(0) = —Safe(D)UD = -0 Z° ¢ Live(Z':':) = ﬁSafe(Z"F) U
It =-g%unt =pu st = ). This also shows that
Live(P) may not be the least liveness property including
P (since @ C T = Live(Z7) but Live(0) Z ZF) ™.

15 In contradiction with the claim on bottom of page 157 of [9].
e
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= PCI(P U Lim(—PCI(P))) PCl is a complete join

morphism

= PCI(P U —Lim— o =PCI(P)) def. Cim
= PCI(P U —Lim o PCI(P))

= PCI(P U —Safe(P)) def. Safe
= PCl(Live(P)) def. Live, Q.E.D.

— Live(P) is a liveness property so if Live(P) = P then P
is also a liveness property;

— Reciprocally, if P is a liveness property then ot C
PCI(P) hence % = Lim(Z¥) C Lim o PCI(P) = Safe(P)
whence —Safe(P) = 0 so that Live(P) = —Safe(P)U P =
PUP=P;
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Decomposition into Safety and Liveness

— Any program property P can be decomposed into the
conjunction of a safety and a liveness property [8]:

- Safe(P) safety property
- Live(P) liveness property
- P = Safe(P) N Live(P)
PROOF. Safe(P) N Live(P) = (—Safe(P) U P) N Safe( P)
(—Safe(P) N Safe(P)) U (P N Safe(P)) = P N Safe(P) =
since Safe is extensive. |

__ Reference

p

[8] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181-185.
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A Simple Example [9]

- Y ={a,b,c}
—S:{a};.{b}.ﬂ‘f’ |
— Safe(S) = {a}°6 U {a}’? . {b} o Z%
— Live(S) = {a}* .« {b,c} » T

— S = Safe(S) N Live(S)

_ Reference

[9] E. Chang, Z. Manna & A. Pnueli.
“The Safety-Progress Classification”. In Logic and Algebra of Specifications, F.L. Bauer, W. Brauer & H.
Schwichtengerg (Eds.), NATO Advanced Science Institutes Series, Springer-Verlag, pages 143-202, 1991.
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— Total correctness proof:
Vo € 7% :3i < |o| : {00, 0;) €S  inevitability of &
— Partial correctness proof:
Vs, s € Z:(s€TN(s, s') e ™A' € E) = ((s, §') €
v)}
— Termination proof:
Vo€ 1®:(0g€T) = (Fi < |o|:0; € 7)
= VO’ETO%:(O'()ET):>(O'EZ—F)
— 1°C{oecS |opeTIU{oeT%|0y& T}
which is a liveness property, since: )
ST C{oeX|ogeTIu{oc e Z®| 00 ¢ 7T}
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Example: decomposition of total correctness
into partial correctness (safety) and
termination (liveness)

— Total correctness specification (7, ¥):

-rcxy initial states
- CT x = partial correctness relation
— def

-E=7CX final/blocking states
S (s, ) [ (sET) = (s € EN(s, s €T}

total correctness relation

Q.
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PROOF. — Vo € 7%, (cp €7) initial states hypothesis
— o0p€T No € @ Ng e ZF by termination
ZGOET/\UETJF by def. T

= 00 € T A (00, O|g|—1) € T* A 0|g|—1 € Thy def. al
and 7*

= 00 € T A (00, O)g|—1) € T*A0|g|—1 € Eby def. =
— (00, a|0|_1> cy by partial correctness

— Jt < |o| : (09, 0;) € ¥ proving total correctness
0
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THE END

My MIT web site is http://www.mit.edu/~ cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399 /www/.
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