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Collecting Semantics
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Collecting semantics

– A program static analysis determines a property of the
program executions as defined by a (so-called stan-
dard) semantics

– The so-called collecting 1 semantics defines the strongest
static property of interest

– A collecting semantics therefore defines a whole class
of static analyzes, all the ones that abstract/approximate
it

1 Used to be called static semantics in [1], it collects information about programs.
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– There is no “universal” collecting semantics, since the
information collected about program runtime execu-
tions can always be refined

– Examples of collecting semantics are computation traces,
transitive closure of the program transition relation,
set of states/predicate transformers, forward/backward
reachable states, etc.

Reference

[1] P. Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by
construction or approximation of fixpoints. In Conference Record of the Fourth Annual ACM SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 238–252, Los Angeles, California,
1977. ACM Press, New York, NY, USA.
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Collecting Semantics of
Arithmetic Expressions
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Definition of the forward collecting semantics
of arithmetic expressions

The forward/bottom-up collecting semantics of an arith-
metic expression defines the possible values that the arith-
metic expression can evaluate to in a given set of environments 2

Faexp 2 Aexp 7! }(R)
cjm
7 !̀ }(I˙);

FaexpJAKR
def
= fv j 9 2 R :  ‘ A Z) vg : (1)

Reference

[2] E.W. Dijkstra and C.S. Scholten. Predicate Calculus and Program Semantics. Springer, 1990.

2 The forward collecting semantics FaexpJAKR specifies the strongest postcondition that values of the arith-
metic expression A do satisfy when this expression is evaluated in an environment satisfying the precondition
R. The forward collecting semantics can therefore be understood as a predicate transformer [2].
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Properties of the forward collecting semantics
of arithmetic expressions

The forward/bottom-up collecting semantics is a com-

plete join morphism (denoted with
cjm
7 !̀), that is (S is an

arbitrary set)

FaexpJAK

„[

k2S

Rk

«
=
[

k2S

(FaexpJAKRk) ;

which implies monotony (when S = f1; 2g and R1 „ R2)
and ;-strictness (when S = ;)

FaexpJAK; = ; :
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Structural specification of the forward
collecting semantics of arithmetic expressions

FaexpJnKR = fng 3

FaexpJXKR = R(X)

where R(X)
def
= f(X) j  2 Rg

FaexpJ?K = I

FaexpJuA0KR = u
C(FaexpJA0KR)

where uC(V )
def
= fu(v) j v 2 V g

FaexpJA1 b A2KR = b
C(FaexpJA1K;FaexpJA2K)R

where bC(F1; F2)R
def
= fv1 b v2 j 9 2 R : v1 2 F1(fg) ^ v2 2 F2(fg)g

3 For short, the case FaexpJAK; = ; is not recalled.
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Proof.

FaexpJnKR
def
= fv j 9 2 R :  ‘ n Z) vg

= fng

FaexpJXKR
def
= fv j 9 2 R :  ‘ X Z) vg

= f(X) j  2 Rg
def
= R(X)

FaexpJ?K
def
= fv j 9 2 R :  ‘ ? Z) vg

= fv j v 2 Ig

= I
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FaexpJuA0KR
def
= fv j 9 2 R :  ‘ uA0 Z) vg

= fu v j 9 2 R :  ‘ A0 Z) vg

= fu v j v 2 fv0 j 9 2 R :  ‘ A0 Z) v0gg

= fu v j v 2 FaexpJA0KRg

= uC(FaexpJA0KR)

FaexpJA1 b A2KR
def
= fv j 9 2 R :  ‘ A1 b A2 Z) vg

= fv1 b v2 j 9 2 R :  ‘ A1 Z) v1 ^  ‘ A2 Z) v2g

= fv1 b v2 j 9 2 R : v1 2 fv
0
1 j 9

0 2 fg : 0 ‘ A1 Z) v01g ^ v2 2 fv
0
2 j 9

0 2
fg : 0 ‘ A2 Z) v02gg

= fv1 b v2 j 9 2 R : v1 2 FaexpJA1K(fg) ^ v2 2 FaexpJA2K(fg)g
def
= bC(FaexpJA1K;FaexpJA2K)R
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Collecting Semantics of
Boolean Expressions
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Definition of the forward collecting semantics
of boolean expressions

The collecting semantics CbexpJBKR of a boolean ex-
pression B defines the subset of possible environments
 2 R for which the boolean expression may evaluate to
true (hence without producing a runtime error)

Cbexp 2 Bexp 7! }(R)
cjm
7 !̀ }(R);

CbexpJBKR
def
= f 2 R j  ‘ B Z) ttg : (2)
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Structural specification of the forward
collecting semantics of boolean expressions

CbexpJtrueKR = R
CbexpJfalseKR = ;

CbexpJA1 c A2K = c
C (FaexpJA1K;FaexpJA2K)R

where cC (F;G)R
def
= f 2 R j 9v1 2 F (fg) \ I : 9v2 2 G(fg) \ I :

v1 c v2 = ttg

CbexpJB1 &B2KR = CbexpJB1KR \ CbexpJB2KR
CbexpJB1 jB2KR = (CbexpJB1KR \ (CbexpJB2KR [ CbexpJT (:B2)KR))

[ (CbexpJB2KR \ (CbexpJB1KR [ CbexpJT (:B1)KR))
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Proof.

CbexpJtrueKR
def
= f 2 R j  ‘ true Z) ttg

= f j  2 Rg

= R

CbexpJfalseKR
def
= f 2 R j  ‘ false Z) ttg

= f j ¸g

= ;

CbexpJA1 c A2K
def
= f 2 R j  ‘ A1 c A2 Z) ttg

= f 2 R j 9v1; v2 2 I˙ :  ‘ A1 Z) v1 ^  ‘ A2 Z) v2 ^ v1 c v2 = ttg
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= f 2 R j 9v1; v2 2 I˙ : v1 2 fv
0 j 90 2 fg : 0 ‘ A1 Z) v0g ^ v2 2 fv

0 j 90 2
fg : 0 ‘ A2 Z) v0g ^ v1 c v2 = ttg

= f 2 R j 9v1; v2 2 I˙ : v1 2 FaexpJA1Kfg ^ v2 2 FaexpJA2Kfg ^ v1 c v2 =
ttg

= Hv1 c ˙ = ˙ c v2 = ˙ 6= ttI

f 2 R j 9v1 2 FaexpJA1Kfg \ I : 9v2 2 FaexpJA2Kfg \ I : v1 c v2 = ttg

= cC (FaexpJA1K;FaexpJA2K)R

CbexpJB1 &B2KR

= f 2 R j  ‘ B1 Z) w1 ^  ‘ B2 Z) w2 ^ w1 &w2 = ttg

= (f 2 R j  ‘ B1 Z) tt ^  ‘ B2 Z) ttg)

= f 2 R j  ‘ B1 Z) ttg \ f 2 R ‘ B2 Z) ttg

= CbexpJB1KR \ CbexpJB2KR

CbexpJB1 jB2KR

= f 2 R j  ‘ B1 Z) w1 ^  ‘ B2 Z) w2 ^ w1 j w2 = ttg
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= f 2 R j  ‘ B1 Z) tt _  ‘ B2 Z) ttg

= HAvoiding the case when B1 holds but B2 yields to a runtime error, or
inverselyI

f 2 R j  ‘ B1 Z) tt ^ ( ‘ B2 Z) tt _  ‘ B2 Z) ¸)g [ f 2 R j  ‘ B2 Z)
tt ^ ( ‘ B2 Z) tt _  ‘ B2 Z) ¸) ^ ( ‘ B1 Z) tt _  ‘ B1 Z) ¸)g

= (CbexpJB1KR \ (CbexpJB2KR [ CbexpJT (:B2)KR)) [ (CbexpJB2KR \
(CbexpJB1KR [ CbexpJT (:B1)KR))
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Small-step operation semantics of commands

Recall that in lecture 5, we have defined the transition
system of a program P = S ;; as

h˚JP K; fiJP Ki (3)

where ˚JP K is the set of program states and fi JCK, C 2
CmpJP K is the transition relation for component C of
program P , defined by

fiJCK
def
= fhh‘; i; h‘0; 0ii j h‘; i 77==JCK=) h‘0; 0ig (4)
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– Execution starts at the program entry point with all
variables uninitialized:

EntryJP K
def
= fhatP JP K; –X 2 VarJP K .˙iig : (5)

– Execution ends without error when control reaches the
program exit point

ExitJP K
def
= fafterP JP Kg ˆ EnvJP K :

When the evaluation of an arithmetic or boolean ex-
pression fails with a runtime error, the program execu-
tion is blocked so that no further transition is possible.
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– A basic result on the program transition relation is
that it is not possible to jump into or out of program
components (C 2 CmpJP K))

hh‘; i; h‘0; 0ii 2 fi JCK =) f‘; ‘0g „ inP JCK : (6)
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Collecting Semantics of Commands
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Big-step operational semantics of commands

– The reflexive transitive closure of the transition rela-
tion fi JCK of a program component C 2 CmpJP K is

fi?JCK
def
= (fiJCK)?.

– This is called the big-step operational semantics of
commands

– fi?JP K can be expressed compositionally (in the sense
of denotational semantics, by structural induction on
the program components C 2 CmpJP K of program P )
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– Observe that contrary to the classical big step oper-
ational or natural semantics [3], the effect of execu-
tion is described not only from entry to exit states
but also from any (intermediate) state to any subse-
quently reachable state. This is better adapted to our
later reachability analyses.

Reference

[3] G.D. Plotkin. A structural approach to operational semantics. Tech. rep. DAIMI FN-19, Aarhus University,
Denmark, Sep. 1981.
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Structural big-step operational semantics:
skip and assignment

fi?JskipK = 1˚JP K [ fi JskipK (7)

fi?JX := AK = 1˚JP K [ fi JX := AK

Proof. For the identity C = skip and the assignment C = X := A

fi ?JCK

= Hdef. of (fiJCK)? and fi JCK so that atP JCK 6= afterP JCK implies
(fiJCK)2 = ;, whence by recurrence (fiJCK)n = ; for all n – 2, 1S
was defined as the identity on the set SI

1˚JP K [ fi JCK :
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Structural big-step operational semantics:
conditional command

fi?Jif B then St else Sf fiK = (8)

(1˚JP K [ fi
B) ‹ fi?JStK ‹ (1˚JP K [ fi

t) [

(1˚JP K [ fi
—B) ‹ fi?JSfK ‹ (1˚JP K [ fi

f)
where:

fiB
def
= fhhatP Jif B then St else Sf fiK; i; hatP JStK; ii j  ‘ B Z) ttg

fi
—B def= fhhatP Jif B then St else Sf fiK; i; hatP JSfK; ii j  ‘ T (:B) Z) ttg

fi t
def
= fhhafterP JStK; i; hafterP Jif B then St else Sf fiK; ii j  2 EnvJP Kg

fi f
def
= fhhafterP JSfK; i; hafterP Jif B then St else Sf fiK; ii j  2 EnvJP Kg
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Auxiliary definitions

For the conditional C = if B then St else Sf fi, we define

fiB
def
= fhhatP JCK; i; hatP JStK; ii j  ‘ B Z) ttg;

fi
—B def
= fhhatP JCK; i; hatP JSfK; ii j  ‘ T (:B) Z) ttg;

fi t
def
= fhhafterP JStK; i; hafterP JCK; ii j  2 EnvJP Kg;

fi f
def
= fhhafterP JSfK; i; hafterP JCK; ii j  2 EnvJP Kg :
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Starting at the test entry. . .
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Starting before the “then” part entry. . .
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Starting within the “then” branch
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Starting after the “then” branch
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Proof. Recall from Lecture 5, that for the C = if B then St else Sf fi

(where atP JCK = ‘ and afterP JCK = ‘0), we have:

 ‘ B Z) tt

h‘; i 77==Jif B then St else Sf fiK=) hatP JStK; i
; (9)

 ‘ T (:B) Z) tt

h‘; i 77==Jif B then St else Sf fiK=) hatP JSfK; i
: (10)

h‘1; 1i 77==JStK=) h‘2; 2i

h‘1; 1i 77==Jif B then St else Sf fiK=) h‘2; 2i
; (11)

h‘1; 1i 77==JSfK=) h‘2; 2i

h‘1; 1i 77==Jif B then St else Sf fiK=) h‘2; 2i
: (12)

hafterP JStK; i 77==Jif B then St else Sf fiK=) h‘0; i ; (13)

hafterP JSfK; i 77==Jif B then St else Sf fiK=) h‘0; i : (14)

Recall also from Lecture 5, that the labelling scheme of a conditional command
C = if B then St else Sf fi 2 CmpJP K satisfies
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inP JCK = fatPJCK; afterP JCKg [ inPJStK [ inP JSfK;
fatP JCK; afterP JCKg \ (inP JStK [ inPJSfK) = ;; (15)

inP JStK \ inPJSfK = ; :

It follows that by (9) to (14), we have

fiJCK = fittJCK [ fi¸JCK

where

fittJCK
def
= fiB [ fiJStK [ fi

t;

fi¸JCK
def
= fi

—B [ fiJSfK [ fi
f :

By the conditions (15) and (6) on labelling of the conditional command C,
we have fittJCK ‹ fi¸JCK = fi¸JCK ‹ fittJCK = ; so that

fi ?JCK = (fittJCK)? [ (fi¸JCK)? : (16)

Intuitively the steps which are repeated in the conditional must all take place
in one branch or the other since it is impossible to jump from one branch into
the other.
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Assume by induction hypothesis that

(fittJCK)n = fiB ‹ fi JStK
n`2 ‹ fi t [ fiB ‹ fiJStK

n`1 [ fi JStK
n`1 ‹ fi t [ fiJStK

n :(17)

This holds for the basis n = 1 since fiJStK
`1 = ; and fiJStK

0 = 1˚JP K is the

identity. For n – 1, we have

(fittJCK)n+1

= Hdef. tn+1 = tn ‹ tI

(fittJCK)n ‹ fittJCK

= Hinduction hypothesisI

(fiB ‹ fiJStK
n`2 ‹ fi t [ fiB ‹ fiJStK

n`1 [ fi JStK
n`1 ‹ fi t [ fiJStK

n) ‹ fittJCK

= H‹ distributes over [ (and ‹ has priority over [)I

fiB ‹ fiJStK
n`2 ‹ fi t ‹ fittJCK [ fiB ‹ fi JStK

n`1 ‹ fittJCK [ fiJStK
n`1 ‹ fi t ‹ fittJCK [

fiJStK
n ‹ fittJCK

= Hby the labelling scheme (15), (6) and the def. (9) to (14) of the
possible transitions so that fi t ‹ fittJCK = ;, etc.I
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fiB ‹ fiJStK
n`1 ‹ fittJCK [ fi JStK

n ‹ fittJCK

= Hdef. of fittJCK and ‹ distributes over [ I

fiB ‹ fiJStK
n`1 ‹ fiB[fiB ‹ fiJStK

n`1 ‹ fiJStK[fi
B ‹ fiJStK

n`1 ‹ fi t[fiJStK
n ‹ fiB[

fiJStK
n ‹ fiJStK [ fiJStK

n ‹ fi t

= Hby the labelling scheme (15), (6) and the def. (9) to (14) of the
possible transitions so that fiB ‹ fiB = ;, fi JStK

n ‹ fiB, etc.I
fiB ‹ fiJStK

n [ fiB ‹ fiJStK
n`1 ‹ fi t [ fiJStK

n+1 [ fiJStK
n ‹ fi t

= H[ is associative and commutative and def. (17) of (fittJCK)n+1I

(fittJCK)n+1 :

By recurrence, (17) holds for all n – 1 so that

(fittJCK)?

= Hdef. t?I

(fittJCK)0 [
[

n–1

(fittJCK)n

= Hdef. t0 and (17)I
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1˚JP K [
[

n–1

(fiB ‹ fi JStK
n`2 ‹ fi t [ fiB ‹ fiJStK

n`1 [ fi JStK
n`1 ‹ fi t [ fiJStK

n)

= H‹ distributes over [I

1˚JP K[ fi
B ‹

0
@[

n–1

fiJStK
n`2

1
A ‹ fi t [ fiB ‹

0
@[

n–1

fiJStK
n`1

1
A[

0
@[

n–1

fiJStK
n`1

1
A ‹

fi t [
[

n–1

fiJStK
n

= Hchanging variables k = n ` 2 and j = n ` 1, fiJStK
`1 = ;, fiJStK

0 =
1˚JP K and by the labelling scheme (15), (6) and the def. (9) to (14)
of the possible transitions, fiB ‹ fi t = ;, etc.I

fiB ‹

0
@[

k–1

fiJStK
k

1
A ‹ fi t [ fiB ‹

0
@[

j–0

fiJStK
j

1
A[

0
@[

j–0

fiJStK
j

1
A ‹ fi t [

[

n–0

fiJStK
n

= HfiB ‹ fi t = ; and def. of t?I

fiB ‹ (fiJStK)
? ‹ fi t [ fiB ‹ (fi JStK)

? [ (fi JStK)
? ‹ fi t [ (fi JStK)

?
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= H‹ distributes over [ (and ? has priority over ‹ which has priority over
[)I

(1˚JP K [ fi
B) ‹ (fiJStK)

? ‹ (1˚JP K [ fi
t) :

A similar result is easily established for (fi¸JCK)? whence by (16), we get

fi ?Jif B then St else Sf fiK = (1˚JP K [ fi
B) ‹ (fiJStK)

? ‹ (1˚JP K [ fi
t) [

(1˚JP K [ fi
—B) ‹ (fiJSfK)

? ‹ (1˚JP K [ fi
f) :
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Structural big-step operational semantics:
iteration command

fi?Jwhile B do S odK = (18)

((1˚JP K [ fi
?JSK ‹ fiR) ‹ (fiB ‹ fi?JSK ‹ fiR)? ‹

(1˚JP K [ fi
B ‹ fi?JSK [ fi

—B)) [ fi JSK?

where:

fiB
def
= fhhatP Jwhile B do S odK; i; hatP JSK; ii j  ‘ B Z) ttg

fi
—B def
= fhhatP Jwhile B do S odK; i; hafterP Jwhile B do S odK; ii j

 ‘ T (:B) Z) ttg

fiR
def
= fhhafterP JSK; i; hatPJwhile B do S odK; ii j  2 EnvJP Kg
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Auxiliary definitions

For the iteration C = while B do S od, we define

fiB
def
= fhhatPJCK; i; hatP JSK; ii j  ‘ B Z) ttg;

fi
—B def
= fhhatPJCK; i; hafterP JCK; ii j  ‘ T (:B) Z) ttg;

fiR
def
= fhhafterP JSK; i; hatPJCK; ii j  2 EnvJP Kg :
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Starting at the loop entry. . .
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Starting withing the loop body. . .
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Proof. Recall that for the iteration C = while B do S od (where atP JCK = ‘,
afterP JCK = ‘0 and ‘1; ‘2 2 inPJSK), we have defined

 ‘ T (:B) Z) tt

h‘; i 77==Jwhile B do S odK=) h‘0; i
; (19)

 ‘ B Z) tt

h‘; i 77==Jwhile B do S odK=) hatP JSK; i
; (20)

h‘1; 1i 77==JSK=) h‘2; 2i

h‘1; 1i 77==Jwhile B do S odK=) h‘2; 2i
; (21)

hafterPJSK; i 77==Jwhile B do S odK=) h‘; i : (22)

Recall also from Lecture 5 that the labelling scheme of an iteration command
C = while B do S od 2 CmpJP K satisfies

inP JCK = fatP JCK; afterP JCKg [ inP JSK; (23)
fatP JCK; afterP JCKg \ inP JSK = ; :
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and the basic results on the program transition relation which are

8C 2 CmpJP K : atP JCK 6= afterP JCK : (24)

and that it is not possible to jump into or out of program components (C 2
CmpJP K))

hh‘; i; h‘0; 0ii 2 fiJCK =) f‘; ‘0g „ inP JCK : (25)

It follows that by (19) to (22), we have

fiJCK = fiB [ fiJSK [ fiR [ fi
—B : (26)

We define the composition ‚ni=1 ti of relations t1, . . . , tn
4:

n

‚
i=1
ti
def
= ;; when n < 0;

0

‚
i=1
ti
def
= 1˚JP K; when n = 0;

4 Observe that ‹ is associative but not commutative so that the index set must be totally ordered for the
notation to be meaningful
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n

‚
i=1
ti
def
= t1 ‹ : : : ‹ tn; when n > 0 :

In order to compute fi ?JCK =
S
n–0 fiJCKn for the component C = while B do

S od of program P , we first compute the n-th power fiJCKn for n – 0. By

recurrence fiJCK0 = 1˚JP K, fiJCK1 = fi JCK = fiB [ fiJSK [ fiR [ fi
—B. For n > 1,

we have

(fiJCK)2

= Hdef. t2 = t ‹ tI

fiJCK ‹ fi JCK

= Hdef. (26) of fiJCKI

(fiB [ fi JSK [ fiR [ fi
—B) ‹ (fiB [ fi JSK [ fiR [ fi

—B)

= H‹ distributes over [ (and ‹ has priority over [)I
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fiB ‹ fiB[fi JSK ‹ fiB[fiR ‹ fiB[fi
—B ‹ fiB[fiB ‹ fiJSK[fi JSK ‹ fiJSK[fiR ‹ fiJSK[

fi
—B ‹ fiJSK[ fiB ‹ fiR [ fiJSK ‹ fiR [ fiR ‹ fiR [ fi

—B ‹ fiR [ fiB ‹ fi
—B [ fiJSK ‹ fi

—B [
fiR ‹ fi

—B [ fi
—B ‹ fi

—B

= HfiB ‹ fiB = ;, by (20) and (24);
fiJSK ‹ fiB = ;, by (21), (20), (25) and (23);
fi
—B ‹ fiB = ;, by (19), (20) and (24);
fiR ‹ fi JSK = ;, by (22), (21) and (23);
fi
—B ‹ fi JSK = ;, by (19), (21), (25) and (23);
fiB ‹ fiR = ;, by (20), (22) and (24);
fiR ‹ fiR = ;, by (22), (23) and (25);
fiB ‹ fi

—B = ;, by (20), (19), (23) and (25)
fiJSK ‹ fi

—B = ;, by (21), (19), (23) and (25);
fi
—B ‹ fi

—B = ;, by (19) and (24)I

fiR ‹ fiB [ fiB ‹ fiJSK [ fiJSK2 [ fiJSK ‹ fiR [ fiR ‹ fi
—B :
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The generalization after computing the first few iterates n = 1; : : : ; 4 leads to
the following induction hypothesis (n – 1)

(fiJCK)n
def
= An [Bn [ Cn [Dn [ En [ Fn [Gn (27)

where

An
def
=

[

n=
j
˚
i=1
(ki+2)

j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR) ; (28)

(This corresponds to j loops iterations from and to the loop entry atP JCK
where the i-th execution of the loop body S exactly takes ki – 1

5 steps.
An = ;, n » 1.)

Bn
def
=

[

n=(
j
˚
i=1
(ki+2))+1+‘

„„
j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

«
‹ fiB ‹ fiJSK‘

«
; (29)

5 For short, the constraints ki > 0, i = 1; : : : ; j are not explicitly inserted in the formula.
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(This corresponds to j loops iterations from and to the loop entry atP JCK
where the i-th execution of the loop body S exactly takes ki – 1 steps followed
by a successful condition B and a partial execution of the loop body S for
‘ – 0 6 steps. B0 = ;, B1 = fi

B.)

Cn
def
=

[

n=(
j
˚
i=1
(ki+2))+1

„„
j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

«
‹ fi
—B

«
; (30)

(This corresponds to j loops iterations where the i-th execution of the loop
body S has ki – 1 steps within S until termination with condition B false.
C0 = ;, C1 = fi

—B.)

Dn
def
=

[

n=‘+1+(
j
˚
i=1
(ki+2))

„
fiJSK‘ ‹ fiR ‹

„
j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

««
; (31)

6 Again, the constraint ‘ – 0 is left implicit in the formula.
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(This corresponds to an observation of the execution starting in the middle
of the loop body S for ‘ steps followed by the jump back to the loop entry
atP JCK, followed by j complete loops iterations from and to the loop entry
atP JCK where the i-th execution of the loop body S exactly takes ki – 1 steps.
D0 = ;, D1 = fi

R.)

En
def
=

[

n=(
j
˚
i=1
(ki+2))+‘+2+m

„
fiJSK‘ ‹ fiR ‹

„
j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

«
‹ fiB ‹ fiJSKm

«
; (32)

(This corresponds to an observation of the execution starting in the middle
of the loop body S for ‘ – 0 steps followed by the jump back to the loop
entry atP JCK. Then there are j loops iterations from and to the loop entry
atP JCK where the i-th execution of the loop body S exactly takes ki – 1 steps.
Finally the condition B holds and a partial execution of the loop body S for
m – 0 steps is performed. E0 = E1 = ; and E2 = fi

R ‹ fiB.)
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Fn
def
=

[

n=(
j
˚
i=1
(ki+2))+‘+2

„
fiJSK‘ ‹ fiR ‹

„
j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

«
‹ fi
—B

«
; (33)

(This case is similar to En except that the execution of the loop terminates
with condition B false. F0 = F1 = ; and F2 = fi

R ‹ fi
—B.)

Gn
def
= (fiJSK)n ; (34)

(This case corresponds to the observation of n – 1 steps within the loop body
S.).

We now proof (27) by recurrence on n. Given a formula Fn 2 fAn; : : : ; Fng
of the form Fn =

S
C(n;‘;m;:::)

T (n; ‘;m; : : :), where n; ‘;m; : : : are free variables

of the condition C and term T , we write Fn j C
0(n; ‘;m; : : :) for the formulaS

C(n;‘;m;:::)^C 0(n;‘;m;:::)

T (n; ‘;m; : : :).
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For the basis observe that for n = 1, A1 = ;, B1 = fi
B, C1 = fi

—B, D1 = fi
R,

E1 = ;, F1 = ; and G1 = (fi JSK)1 = fi JSK so that

(fi JCK)1 = fiJCK

= fiB [ fi JSK [ fiR [ fi
—B

= B1 [G1 [D1 [ C1
= A1 [B1 [ C1 [D1 [ E1 [ F1 [G1 :

For n = 2, observe that A2 = ;, B2 = fi
B ‹ fiJSK, C2 = ;, D2 = fiJSK ‹ fiR,

E2 = fi
R ‹ fiB, F2 = fi

R ‹ fi
—B and G2 = (fiJSK)2 so that

(fiJCK)2 = fiR ‹ fiB [ fiB ‹ fiJSK [ fiJSK2 [ fiJSK ‹ fiR [ fiR ‹ fi
—B

= E2 [B2 [G2 [D2 [ E2 [ F2
= A2 [B2 [ C2 [D2 [ E2 [ F2 [G2 :

For the induction step n – 2, we have to consider the compositions

An ‹ fi JCK, . . . , Gn ‹ fiJCK in turn.

Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 48 — ľ P. Cousot, 2005

http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot


An ‹ fiJCK

= Hdef. (26) of fiJCKI

An ‹ (fi
B [ fiJSK [ fiR [ fi

—B)

= H‹ distributes over [, n – 2 so j – 1 whence An = fi
0 ‹ fiR, fiR ‹ fiJSK =

; and fiR ‹ fiR = ;I

An ‹ fi
B [An ‹ fi

—B

= Hdef. (28) of An and fiJSK0 = 1˚JP KI 
S

n+1=(
j
˚
i=1
(ki+2))+1+0

j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

!
‹ fiB ‹ fiJSK0

[

 
S

n+1=(
j
˚
i=1
(ki+2))+1

j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

!
‹ fi
—B

= Hdef. (29) of Bn+1 with additional constraint ‘ = 0 and def. (30) of
Cn+1I

Bn+1 j ‘ = 0 [ Cn+1 :

Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 49 — ľ P. Cousot, 2005

Bn ‹ fi JCK

= Hdef. (26) of fiJCKI

Bn ‹ (fi
B [ fiJSK [ fiR [ fi

—B)

= H‹ distributes over [, either ‘ = 0 in Bn, in which case Bn = fi
0 ‹ fiB,

fiB ‹ fiB = ;, fiB ‹ fiR = ; and fiB ‹ fi
—B = ; or ‘ > 0 in Bn, in which

case Bn = fi
00 ‹ fiJSK, fiJSK ‹ fiB = ; and fiJSK ‹ fi

—B = ;I
(Bn j ‘ = 0) ‹ fiJSK [ (Bn j ‘ > 0) ‹ fiJSK [ (Bn j ‘ > 0) ‹ fi

R

= Hdef. (29) of BnI

(Bn+1 j ‘ = 1) [ (Bn+1 j ‘ > 1) [0
BB@

S

n=(
j
˚
i=1
(ki+2))+1+‘

„„
j

‚
i=1
(fiB ‹ fi JSKki ‹ fiR)

«
‹ fiB ‹ fi JSK‘

«
1
CCA ‹ fiR

= H‹ distributes over [I
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(Bn+1 j ‘ = 1) [ (Bn+1 j ‘ > 1) [
S

n+1=(
j
˚
i=1
(ki+2))+2+‘

„„
j

‚
i=1
(fiB ‹ fi JSKki ‹ fiR)

«
‹ (fiB ‹ fi JSK‘ ‹ fiR)

«

= Hby letting kj+1 = ‘ – 1I

(Bn+1 j ‘ = 1) [ (Bn+1 j ‘ > 1) [
[

n+1=
j+1
˚
i=1
(ki+2)

„
j+1

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

«

= Hby letting j 0 = j + 1 and def. (29) of An+1I

(Bn+1 j ‘ = 1) [ (Bn+1 j ‘ > 1) [An+1

= Hassociativity of [I

(Bn+1 j ‘ > 0) [An+1 :

Cn ‹ fiJCK

= Hdef. (26) of fiJCKI

Cn ‹ (fi
B [ fiJSK [ fiR [ fi

—B)
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= H‹ distributes over [, Cn = fi
0 ‹ fi

—B and fi
—B ‹ fiB = fi

—B ‹ fiJSK = fi
—B ‹ fiR

= fi
—B ‹ fi

—B = ;I
; :

Dn ‹ fi JCK

= Hdef. (26) of fiJCKI

Dn ‹ (fi
B [ fiJSK [ fiR [ fi

—B)

= H‹ distributes over [, Dn has the form fi
0 ‹ fiR and fiR ‹ fi JSK = fiR ‹ fiR

= ;I

Dn ‹ fi
B [Dn ‹ fi

—B

= Hdef. (32) of En and (33) of FnI

(En+1 j m = 0) [ Fn+1 :

En ‹ fiJCK

= Hdef. (26) of fiJCKI

En ‹ (fi
B [ fiJSK [ fiR [ fi

—B)
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= H‹ distributes over [, En j m = 0 has the form fi
0 ‹ fiB while En j

m >= 0 has the form fi 00 ‹ fiJSK, fiB ‹ fiB = fiB ‹ fiR = fiB ‹ fi
—B = ;

and fi JSK ‹ fiB = fi JSK ‹ fi
—B = ;I

(En j m = 0) ‹ fiJSK [ (En j m > 0) ‹ fiJSK [ (En j m > 0) ‹ fi
R

= Hdef. (32) of En and (31) of Dn+1 where ki = m – 1 so that ‘ < nI

(En+1 j m = 1) [ (En+1 j m > 1) [ (Dn+1 j ‘ < n)

= H[ is associativeI

(En+1 j m > 0) [ (Dn+1 j ‘ < n) :

Fn ‹ fiJCK

= Hdef. (26) of fiJCKI

Fn ‹ (fi
B [ fiJSK [ fiR [ fi

—B)

= H‹ distributes over [, by def. (33) of Fn has the form fi
0 ‹ fi

—B and
fi
—B ‹ fiB = fi

—B ‹ fi JSK = fi
—B ‹ fiR = fi

—B ‹ fi
—B = ;I

; :
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Gn ‹ fiJCK

= Hdef. (34) of Gn and (26) of fiJCKI

(fiJSK)n ‹ (fiB [ fiJSK [ fiR [ fi
—B)

= H‹ distributes over [, n – 1, fiJSK ‹ fiB = fiJSK ‹ fi
—B = ;I

(fiJSK)n ‹ fiJSK [ (fiJSK)n ‹ fiR)

= Hdef. n+ 1-th power and (31) of Dn+1I

(fiJSK)n+1 [ (Dn+1 j ‘ = n) :

Grouping all cases together, we get

(fiJCK)n+1

= Hdef. n+ 1-th power and (27)I

(An [Bn [ Cn [Dn [ En [ Fn [Gn) ‹ (fiJCK)n

= H‹ distributes over [, def. (34) of GnI

Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 54 — ľ P. Cousot, 2005

(An ‹ fi JCK [Bn ‹ fiJCK [ Cn ‹ fiJCK [Dn ‹ fi JCK [ En ‹ fiJCK [ Fn ‹ fi JCK ‹

(fiJCK)n ‹ fiJCK
= Hreplacing according to the above lemmataI

(Bn+1 j ‘ = 0 [ Cn+1) [ ((Bn+1 j ‘ > 0) [ An+1) [ ; [ ((En+1 j m =
0)[Fn+1)[((En+1 j m > 0)[(Dn+1 j ‘ < n))[;[((fiJSK)n+1[(Dn+1 j ‘ = n))

= H[ is associative and commutative and (Dn+1 j ‘ > n) = ;I

An+1 [Bn+1 [ Cn+1 [Dn+1 [ En+1 [ Fn+1 [Gn+1

By recurrence on n – 1, we have proved that

(fi JCK)n
def
= An [Bn [ Cn [Dn [ En [ Fn [ (fiJCK)n

so that

fi ?JCK

= (fiJCK)?

= (fiJCK)0 [
[

n–1

(An [Bn [ Cn [Dn [ En [ Fn [ (fi JSK)n)
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= (fiJCK)0 [ (
[

n–1

An [
[

n–1

Bn [
[

n–1

Cn [
[

n–1

Dn [
[

n–1

En [
[

n–1

Fn [ (fiJSK)?) :

We now compute each of these terms.
[

n–1

An

= Hdef. (28) of AnI
[

n–1

[

n=
j
˚
i=1
(ki+2)

j

‚
i=1
(fiB ‹ fiJSKki ‹ fiR)

= Hfor n 2 [1; 3] this is ; while for n > 3, we can always find j and k1 – 1,

...,kj – 1 such that n =
j

˚
i=1
(ki + 2). Reciprocally, for all choices of j

and k1 – 1, ...,kj – 1 there exists an n > 3 such that n =
j

˚
i=1
(ki + 2).I

(fiB ‹ fiJSK+ ‹ fiR)+

= HfiB ‹ fiR = ;I
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(fiB ‹ fiJSK? ‹ fiR)+ :

By the same reasoning, we get
[

n–1

Bn = (fi
B ‹ fiJSK? ‹ fiR)? ‹ fiB ‹ fiJSK?;

[

n–1

Cn = (fi
B ‹ fiJSK? ‹ fiR)? ‹ fi

—B;

[

n–1

Dn = fiJSK? ‹ fiR ‹ (fiB ‹ fi JSK? ‹ fiR)?;

[

n–1

En = fiJSK? ‹ fiR ‹ (fiB ‹ fi JSK? ‹ fiR)? ‹ fiB ‹ fiJSK?;

[

n–1

Fn = fiJSK? ‹ fiR ‹ (fiB ‹ fi JSK? ‹ fiR)? ‹ fi
—B :

Grouping now all cases together and using the fact that ‹ distributes over [,
we finally get
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fi ?JCK = fiJSK0 [ (fiB ‹ fiJSK? ‹ fiR)+ [ (fiB ‹ fi JSK? ‹ fiR)? ‹ fiB ‹ fiJSK?

[ (fiB ‹ fiJSK? ‹ fiR)? ‹ fi
—B [ fiJSK? ‹ fiR ‹ (fiB ‹ fiJSK? ‹ fiR)?

[ fiJSK? ‹ fiR ‹ (fiB ‹ fiJSK? ‹ fiR)? ‹ fiB ‹ fiJSK?

[ fiJSK? ‹ fiR ‹ (fiB ‹ fiJSK? ‹ fiR)? ‹ fi
—B

[ fiJSK?

= (1˚JP K [ fiJSK? ‹ fiR) ‹ (fiB ‹ fiJSK? ‹ fiR)? ‹ (1˚JP K [ fi
B ‹ fiJSK? [ fi

—B)

[ fiJSK? :
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Structural big-step operational semantics: sequence

fi?JC1 ; : : : ; CnK = fi
?JC1K ‹ : : : ‹ fi

?JCnK (35)

Proof. Let us recall from Lecture 5 that if S = C1 ; : : : ; Cn where n – 1 is
a sequence of commands and ‘i; ‘i+1 2 inPJCiK for all i 2 [1; n], then

h‘i; ii 77==JCiK=) h‘i+1; i+1i

h‘i; ii 77==JC1 ; : : : ; CnK=) h‘i+1; i+1i
: (36)

We also have the labelling scheme

atP JSK = atP JC1K;
afterP JSK = afterP JCnK;

inP JSK =
n[

i=1

inP JCiK;

8i 2 [1; n[: afterPJCiK = atP JCi+1K = inP JCiK \ inPJCi+1K; (37)
8i; j 2 [1; n] : (j 6= i` 1 ^ j 6= i+ 1) =) (inP JCiK \ inP JCjK = ;) :
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1 Let S be the sequence C1 ; : : : ; Cn, n – 1, we first prove a lemma.

1.1 Let P be the program with subcommand S = C1 ; : : : ; Cn.
Successive small steps in S must be made in sequence since, by the definition
(4) and (36) of fiJSK and the labelling scheme (37), it is impossible to jump
from one command into a different one

fi k1JC1K ‹ : : : ‹ fi
knJCnK = (38)

(8i 2 [1; n] : ki = 0 ? 1˚JP K

Ü 91 » i » j » n : 8‘ 2 [1; n] : (k‘ 6= 0 () ‘ 2 [i; j]) ? fi kiJCiK ‹ : : : ‹ fi
kjJCjK : ;) :

The proof is by recurrence on n.

1.1.1 If, for the basis, n = 1 then either k1 = 0 and fi
0JC1K = 1˚JP K or

k1 > 0 and then fi
k1JC1K = fi

kiJCiK ‹ : : : ‹ fi
kjJCjK by choosing i = j = 1.

1.1.2 For the induction step, assuming (38), we prove that
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T = fi k1JC1K ‹ : : : ‹ fi
knJCnK ‹ fi

kn+1JCn+1K

is of the form (38) with n + 1 substituted for n. Two cases, with several
subcases have to be considered.

1.1.2.1 If 8i 2 [1; n] : ki = 0 then we consider two subcases.

1.1.2.1.1 If kn+1 = 0 then 8i 2 [1; n+ 1] : ki = 0 and T = fi
k1JC1K ‹ : : : ‹

fi knJCnK ‹ fi
kn+1JCn+1K = 1˚JP K ‹ fi

0JCn+1K = 1˚JP K.

1.1.2.1.2 Otherwise kn+1 > 0 and then 8‘ 2 [1; n + 1] : (k‘ 6= 0 ()
‘ 2 [n + 1; n + 1]) and T = fi k1JC1K ‹ : : : ‹ fi

knJCnK ‹ fi
kn+1JCn+1K = 1˚JP K ‹

fi kn+1JCn+1K = fi
kiJCiK ‹ : : : ‹ fi

kjJCjK by choosing i = j = n+ 1.

1.1.2.2 Otherwise, 9i 2 [1; n] : ki 6= 0.
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1.1.2.2.1 If 91 » i » j » n : 8‘ 2 [1; n] : (k‘ 6= 0 () ‘ 2 [i; j]) then by
(38), we have

T = fi kiJCiK ‹ : : : ‹ fi
kjJCjK ‹ fi

kn+1JCn+1K :

1.1.2.2.1.1 If kn+1 = 0 then 91 » i » j » n + 1 : 8‘ 2 [1; n + 1] : (k‘ 6=
0 () ‘ 2 [i; j]) and:

T = fi kiJCiK ‹ : : : ‹ fi
kjJCjK ‹ fi

kn+1JCn+1K;

= fi kiJCiK ‹ : : : ‹ fi
kjJCjK ‹ 1˚JP K;

= fi kiJCiK ‹ : : : ‹ fi
kjJCjK :

1.1.2.2.1.2 Otherwise kn+1 > 0 and we distinguish two subcases.
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1.1.2.2.1.2.1 If j < n then tk+1 = t ‹ tk = tk ‹ t so

T = fi kiJCiK ‹ : : : ‹ fi
kj`1JCjK ‹‹ fiJCjK ‹ fiJCn+1K ‹ fi

kn+1`1JCn+1K :

By the definition (4) and (36) of fiJCK and the labelling scheme (37), we have
fiJCjK ‹ fiJCn+1K = ; since j < n so that in that case T = ;.

1.1.2.2.1.2.2 Otherwise j = n so 8‘ 2 [0; i[: k‘ = 0, 8‘ 2 [i; n+ 1] : k‘ > 0
and T = fi kiJCiK ‹ : : : ‹ fi

knJCnK ‹ fi
kn+1JCn+1K whence 8‘ 2 [1; n + 1] : (k‘ 6=

0 () ‘ 2 [i; j]) with 1 » i < j = n+ 1 and T = fi kiJCiK ‹ : : : ‹ fi
kjJCjK.

1.1.2.2.2 Otherwise 81 » i » j » n : 9‘ 2 [1; n] : (k‘ 6= 0^‘ 62 [i; j])_(‘ 2
[i; j] ^ k‘ = 0).

1.1.2.2.2.1 This excludes n = 1 since then i = j = ‘ = 1 and k1 = 0 in
contradiction with 9i 2 [1; n] : ki 6= 0.
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1.1.2.2.2.2 If n = 2 then k1 = 0 and k2 > 0 or k1 > 0 and k2 = 0 which
corresponds to case 1.1.2.2.1, whence is impossible.

1.1.2.2.2.3 So necessarily n – 3. Let p 2 [1; n] be minimal and q 2 [1; n]
be maximal such that kp 6= 0 ad kq 6= 0. There exists m 2 [p; q] such that
km = 0 since otherwise k‘ 6= 0 and either ‘ < p in contradiction with the
minimality ofp or ‘ > j in contradiction with the maximality of q. We have
p < m < q with kp 6= 0, km = 0 and kj = 0. Assume m to be minimal
with that property, so that km`1 6= 0 and then that q

0 is the minimal q with
this property so that kq0`1 = 0. We have k1 = 0, . . . , kp`1 = 0, kp 6= 0, . . . ,
km`1 = 0, km = 0, kq0`1 = 0 kq0 6= 0, . . . It follows, by the definition (4) and
(36) of fiJCK and the labelling scheme (37) that fi k1JC1K ‹ : : : ‹ fi

knJCnK = ;
that T = ; ‹ fi kn+1JCn+1K = ;.
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It remains to prove that

81 » i » j » n+ 1 : 9‘ 2 [1; n+ 1] : (k‘ 6= 0 ^ ‘ 62 [i; j]) _ (‘ 2 [i; j] ^ k‘ = 0) :

1.1.2.2.2.3.1 If j < n+ 1 then this follows from (38).

1.1.2.2.2.3.2 Otherwise j = n+ 1 in which case either kn+1 = 0 and then
we choose ‘ = j or kn+1 > 0 so that q

0 = j = n + 1. If j » m then for
‘ = m, we have k‘ = km = 0. Otherwise m < i » q

0. Choosing ‘ = p, we have
‘ 2 [1; j] with k‘ = kp 6= 0.

1.2 We will need a second lemma, stating that k small steps in C1 ;

: : : ; Cn must be made in sequence with k1 steps in C1, followed by k2 in C2,
. . . , followed by kn in Cn such that the total number k1 + : : : + kn of these
steps is precisely k
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fi kJC1 ; : : : ; CnK =
[

k=k1+:::+kn

fi k1JC1K ‹ : : : ‹ fi
knJCnK : (39)

The proof is by recurrence on k – 0.

1.2.1 For k = 0, we get k1 = . . . = kn = 0 and 1˚JP K on both sides of
the equality.

1.2.2 For k = 1, there must exist m 2 [1; n] such that km = 1 while for
all j 2 [1; n]`fmg, kj = 0. By the definition (4) and (36) of fiJC1 ; : : : ; CnK,
we have

fi JC1 ; : : : ; CnK =
n[

m=1

fiJCmK :

1.2.3 For the induction step k – 2, we have
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fi k+1JC1 ; : : : ; CnK

= Hdef. tk+1 = tk ‹ t of powersI

fi kJC1 ; : : : ; CnK ‹ fiJC1 ; : : : ; CnK

= Hdef. (4) and (36) of fi JC1 ; : : : ; CnKI

fi kJC1 ; : : : ; CnK ‹
n[

m=1

fiJCmK

= H‹ distributes over [I
n[

m=1

fi kJC1 ; : : : ; CnK ‹ fiJCmK

= Hinduction hypothesis (39)I
n[

m=1

0
@ [

k=k1+:::+kn

fi k1JC1K ‹ : : : ‹ fi
knJCnK

1
A ‹ fi JCmK

= H‹ distributes over [I
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[

k=k1+:::+kn

n[

m=1

fi k1JC1K ‹ : : : ‹ fi
knJCnK ‹ fiJCmK

def
= Hby definitionI

T :

1.2.3.1 We first show that

T „
[

k+1=k01+:::+k
0
n

fi k
0
1JC1K ‹ : : : ‹ fi

k0nJCnK :

According to lemma (38), three cases have to be considered for

t
def
= fi k1JC1K ‹ : : : ‹ fi

knJCnK ‹ fiJCmK :

1.2.3.1.1 The case 8i 2 [1; n] : ki = 0 is impossible since then k =Pn
j=1 kj = 0 in contradiction with k – 2.
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1.2.3.1.2 Else if 91 » i » j » n : 8‘ 2 [1; n] : (k‘ 6= 0 () ‘ 2 [i; j])
then

t
def
= fi kiJCiK ‹ : : : ‹ fi

kjJCjK ‹ fiJCmK :

We discriminate according to the value of m.

1.2.3.1.2.1 If m = j, we get

t = fi kiJCiK ‹ : : : ‹ fi
kj+1JCjK;

= fi k
0
1JC1K ‹ : : : ‹ fi

k0nJCnK

with k+1 = k01+ : : :+k
0
n where k

0
1 = 0,. . . , k

0
i`1 = 0, k

0
i = ki, . . . , k

0
j = kj+1,

k0j+1 = 0, . . . , k
0
n = 0.

1.2.3.1.2.2 If m = j + 1, we get
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t = fi kiJCiK ‹ : : : ‹ fi
kjJCjK ‹ fi

1JCj+1K;

= fi k
0
1JC1K ‹ : : : ‹ fi

k0nJCnK

with k + 1 = k01 + : : : + k
0
n where k

0
1 = 0,. . . , k

0
i`1 = 0, k

0
i = ki, . . . , k

0
j = kj,

k0j+1 = 1, k
0
j+2 = 0, . . . , k

0
n = 0.

1.2.3.1.2.3 Otherwise, by the definition (4) and (36) of fi JCK and the
labelling scheme (37), fi JCjK ‹ fiJCmK = ; so that T = ; that is t = fi k

0
1JC1K ‹

: : : ‹ fi k
0
nJCnK with k

0
‘ = k‘ for ‘ 2 [1; n]` fmg and k

0
m = km + 1.

1.2.3.1.3 Otherwise T = ; so that the inclusion is trivial.

1.2.3.2 Inversely, we now show that
[

k+1=k01+:::+k
0
n

fi k
0
1JC1K ‹ : : : ‹ fi

k0nJCnK „ T :

According to lemma (38), three cases have to be considered for
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t
def
= fi k

0
1JC1K ‹ : : : ‹ fi

k0nJCnK :

1.2.3.2.1 If 8i 2 [1; n] : k0i = 0 then k + 1 =
Pn
i=1 k

0
i = 0 which is

impossible with k – 0.

1.2.3.2.2 Else if 91 » i » j » n : 8‘ 2 [1; n] : (k0‘ 6= 0 () ‘ 2 [i; j])
then

t
def
= fi k

0
iJCiK ‹ : : : ‹ fi

k0jJCjK :

with all k0i > 0, . . . , k
0
j > 0.

1.2.3.2.2.1 If k0j = 1 then t is
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t
def
= fi k

0
iJCiK ‹ : : : ‹ fi

k0j`1JCj`1K ‹ fi
1JCjK :

so we choose k1 = 0, . . . , ki`1 = 0, ki = k
0
i, . . . , kj`1 = k

0
j`1, kj = 0, . . . ,

kn = 0 and m = j with k + 1 = k
0
1 + : : :+ k

0
n whence k = k1 + : : :+ kn.

1.2.3.2.2.2 Otherwise k0j > 1 then we have t of the form required for T
by choosing k1 = 0, . . . , ki`1 = 0, ki = k

0
i, . . . , kj = k

0
j ` 1, kj+1 = 0, . . . ,

kn = 0 and m = j with k + 1 = k
0
1 + : : :+ k

0
n whence k = k1 + : : :+ kn.

1.2.3.2.3 Otherwise t = fi k
0
1JC1K ‹ : : : ‹ fi

k0nJCnK is ; which is obviously
included in T .

1.3 We can now consider the case 1 of the sequence S = C1 ; : : : ; Cn,

n – 1

fi ?JC1 ; : : : ; CnK
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= Hdef. reflexive transitive closureI[

k–0

fi kJC1 ; : : : ; CnK

= Hlemma (39)I[

k1+:::+kn–0

fi k1JC1K ‹ : : : ‹ fi
knJCnK

=
[

k1–0

: : :
[

kn–0

fi k1JC1K ‹ : : : ‹ fi
knJCnK

= H‹ distributes over [I0
@[

k1–0

fi k1JC1K

1
A ‹ : : : ‹

0
@[

kn–0

fi knJCnK

1
A

= Hdef. reflexive transitive closureI

fi ?JC1K ‹ : : : ‹ fi
?JCnK :
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Structural big-step operational semantics:
programs

fi?JS ;;K = fi?JSK : (40)

Proof. Let us recall from Lecture 5 that for programs P = S ;;, we have:

h‘; i 77==JSK=) 0

h‘; i 77==JS ;;K=) h‘0; 0i
: (41)

For programs P = S ;;, we have

fi ?JS ;;K

= Hdef. reflexive transitive closureI[

k–0

fi kJS ;;K

= Hby the definition (4) and (41) of fiJS ;;KI
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[

k–0

fi kJSK

= Hdef. reflexive transitive closureI

fi ?JSK :
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Classification of Program Trace
Properties: Safety & Liveness
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Fred B. Schneider

Reference

[4] Fred B. Schneider. “Decomposing Properties into Safety and Liveness using Predicate Logic’. Cornell Uni-
versity Computer Science Department Technical Report TR 87-874, October 1987.
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Safety and Liveness, informally

– safety properties: informally, “bad things” cannot hap-
pen during program execution [5]

– liveness properties: informally, “good things” eventu-
ally do happen during program execution [5]);

Reference

[5] L. Lamport.
Proving the correctness of multiprocess programs. , I.E.E.E. Trans. on Software Engineering SE-3:2, p.
125–143, March 1977.
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Safety
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Trace properties 7

– ˚: set of states

– ˚1: non-empty finite or infinite traces over states in
˚

– A trace property P is the set of traces which have that
property so

P 2 }(˚1)

7 Recall that if the trace semantics is in }(˚1) then properties of this semantics are in }(}(˚1)) whence
not all of these properties can be expressed as trace properties. An example is “to be a deterministic
program”. Formally, if ˚ is a set of states and ˚1 is the set of finite or infinite executions. Then “to be a
deterministic program” is to have a single possible execution, indeed any one in ˚1. So the trace semantics
of deterministic programs has the form fffg for any trace ff 2 ˚1. The corresponding property, that is the
set of all such semantics is therefore ffffg j ff 2 ˚1g. If we where to express this with some P „ ˚1 we
would be allowed only P = fffg for some trace ff 2 ˚1. So we have to describe exactly the execution of
the program while ffffg j ff 2 ˚1g allows us to state that this paricular execution trace is indeed unkown.
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Definition of Prefix Closure

– The prefix closure PCl(S) of a set S 2 }(˚1) of nonempty
traces, is the set of all nonempty finite prefixes (also
called left factors) of traces in S

PCl(S)
def
= fff 2 ˚~+ j 9ff0 2 ˚

~_ : ff ´ ff0 2 Sg
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Properties of the prefix closure

– For finite sequences, PCl is a topological closure oper-
ator on }(˚~̃) and }(˚~+):

- PCl 2 }(˚~̃) 7! }(˚~̃)

- PCl 2 }(˚~+) 7! }(˚~+)

- X „ PCl(X) increasing/extensive

- PCl(PCl(X)) = PCl(X) idempotent

- PCl(X [ Y ) = PCl(X) [ PCl(Y ) 8 additive

- PCl(;) = ; ;-preserving

8 This implies X „ Y ) PCl(X) „ PCl(Y ).
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– For bifinitary sequences, PCl satisfies:

- PCl 2 }(˚
~_) 7! }(˚~̃)

- PCl 2 }(˚ ~1) 7! }(˚~+)

- X 6„ PCl(X), when X \˚~! 6= ;

- PCl(PCl(X)) = PCl(X) idempotent

- PCl(X [ Y ) = PCl(X) [ PCl(Y ) 9 additive

- PCl(;) = ; ;-preserving

9 This implies X „ Y ) PCl(X) „ PCl(Y ).
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Definition of Limit Closure

– The limit Lim(S) of a set S 2 }(˚1) of nonempty
traces, is the set S augmented with all infinite traces
which have infinitely many finite prefixes in S

Lim(S)
def
= S [ fff 2 ˚~! j 8i : 9j – i :2 N : ff0 : : : ffj 2 Sg
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Properties of the limit closure

– Lim is a topological closure operator on }(˚ ~1).

Proof. – X „ Lim(X) extensive

– Lim(X [ Y ) = Lim(X) [ Lim(Y ) additive 10

– Lim(Lim(X)) = Lim(X) idempotent

– Lim(;) = ; ;-strict

10 Since any infinite sequence in Lim(X[Y ) not in X[Y has infinitely many different prefixes in X[Y . If there
are finitely many in X then there are infinitely many in Y so the limit is in Lim(Y ). Same if there are finitely
many in Y then there are infinitely many in X so the limit is in Lim(X). If there are infinitely many in both
X and Y then there milts are identical and in both Lim(X) and Lim(Y ). So Lim((X [Y )) „ Lim(X)[ Lim(Y ).
The inverse is trivial.
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Formal Definition of Safety

– S „ ˚ ~1 is a safety property if and only if [6]:

Safe(S) = S

where:

Safe
def
= Lim ‹ PCl (42)

i.e. S is closed by limits of prefixes

Reference

[6] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181–185.
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Example of safety: invariance

– ’ „ ˚ ˆ˚ state relation

– S’ = fff 2 ˚
~1 j 8i 2 [0; jffj[: hff0; ffii 2 ’g invariance

of ’

......

’
’

’ ’
’

’
’

...

...

’

– Lim ‹ PCl(S’) = S’ safety property

– fi
»~1 „ S’ if and only if all reachable states are linked
to initial states by ’:

fi˜ „ ’
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Counter-example of safety property

– ˚ = fa; bg

– S = fag
~+ ´ fbg~̃

= fanbm j n > 0 ^m – 0g

– All traces in S have a finite number of a’s followed by zero or
more b’s

– The infinite trace ff = aaaaa : : : is thus excluded from S

– Its impossible to discover this fact by observing finite prefixes
of traces in S

– So S is not a safety property
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Proof. – S = fag
~+ ´ fbg~̃

– PCl(S)= fag
~+ [ fag

~+ ´ fbg~̃

= fag
~+ ´ fbg~̃

= S

– Lim(PCl(S)) = Lim(S)

= S [ fag~! [ fag
~+ ´ fbg~!

= fag ~1 [ fag
~+ ´ fbg

~_

– S 6= Lim(PCl(S))
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Prefix of a trace

ff . n is the prefix of length n 2 N of trace ff

– ff . n = ff iff jffj » n 11

– ff . n = ff0 : : : ffn`1 iff jffj – n

11 Recall that jffj is the length of ff, ! if infinite.
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Suffix of a trace

ff % n is the suffix of trace ff beyond n 2 N

– ff % n = ~› if n > jffj

– ff % n = ffn : : : ff‘`1 if n » ‘ = jffj < !

– ff % n = ffnffn+1ffn+2 : : : if jffj = !

Course 16.399: “Abstract interpretation”, Tuesday March 15th, 2005 — 91 — ľ P. Cousot, 2005

Characterization of safety properties

Safety properties S can be disproved by looking only at
some finite partial program behavior:

8ff 2 ˚ ~1 : (ff 62 S) () (9i – 1 : ff.i 62 S)

Proof. Lim ‹ PCl(S) = S

() Lim ‹ PCl(S) „ S

() fff 2 ˚ ~1 j 8i – 1 : ff.i 2 PCl(S)g „ S

() fff 2 ˚ ~1 j 8i – 1 : 9˛ 2 ˚
~_ : ff.i › ˛ 2 Sg „ S

() 8ff 2 ˚ ~1 : (8i – 1 : 9˛ 2 ˚
~_ : ff.i › ˛ 2 S) =) (ff 2 S)

() 8ff 2 ˚ ~1 : (ff 62 S) =) (9i – 1 : 8˛ 2 ˚
~_ : ff.i › ˛ 62 S)
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() 8ff 2 ˚ ~1 : (ff 62 S) () (9i – 1 : 8˛ 2 ˚
~_ : ff.i › ˛ 62 S)

since if 9i – 1 : 8˛ 2 ˚
~_ : ff.i › ˛ 62 S then in

particular for ˛ = ff%n, we have ff = ff.i › ff%n 62 S.

() 8ff 2 ˚ ~1 : (ff 62 S) () (9i – 1 : ff.i 62 S) 12

since 8˛ 2 ˚
~_ : ff.i › ˛ 62 S () ff.i 62 S

) choose ˛ = ~›

( S is a safety property so PCl(S) = S hence (ff.i ›
˛ 2 S) =) (ff.i 2 S) so (ff.i 62 S) =) (ff.i ›
˛ 62 S).

12 This corresponds to the usual explanation of safety: if a “bad thing” does occur (i.e. ff 62 S) then this
can be recognized in finite time. Otherwise stated, there is a finite observation where something undesired
happened which is irremediable, because it cannot be fixed in the future no matter how it is extended.
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Liveness
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Definition of Liveness

– S „ ˚ ~1 is a liveness property if and only if [7]:

Lim ‹ PCl(S) = ˚ ~1 13

() PCl(S) = ˚~+

() ˚
~+ „ PCl(S)

Reference

[7] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181–185.

13 Otherwise stated S is dense in the topology induced by the topological closure operator Lim ‹ PCl which
fixpoints are the closed sets.
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Examples of liveness properties

– ˚ = fa; bg, ˚~̃ › fbg

– ˚ = fa; b; cg, fag~̃ › fb; cg › ˚~!

– ˚ = fa; bg, fag › ˚~̃ › faag › ˚~! [ fbg › ˚~̃ › fbbg ›
˚~!
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Characterization 1 of liveness

– Proving liveness properties S imperatively requires the
consideration of infinite behaviors:

8¸ 2 ˚~+ : 9˛ 2 ˚
~_ : ¸ › ˛ 2 S

Proof. Lim ‹ PCl(S) = ˚ ~1

() ˚ ~1 „ Lim ‹ PCl(S)

() ˚ ~1 „ fff 2 ˚ ~1 j 8i – 1 : ff.i 2 PCl(S)g

() ˚ ~1 „ fff 2 ˚ ~1 j 8i – 1 : 9˛ 2 ˚
~_ : ff.i › ˛ 2 Sg

() 8ff 2 ˚ ~1 : 8i – 1 : 9˛ 2 ˚
~_ : ff.i › ˛ 2 S
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() 8¸ 2 ˚~+ : 9˛ 2 ˚
~_ : ¸ › ˛ 2 S 14

14 A liveness property stipulates that a “good thing” eventually happens. For a liveness property, no partial
execution is irremediable: it always remains possible for the “good thing” required by the liveness property
(termination, receiving service, progress of a computation) to happen in the future. So disproving liveness
requires considering all possible infinite executions.
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Example of Liveness Property: Termination

– L = ˚~+ termination

– PCl(L) = PCl(˚~+) = ˚~+ liveness property

– fi
»~1 „ L () fi

»~1 „ ˚~+ () fi ~! = ; termination
(there is no possible infinite execution).

A liveness property cannot be checked by a program dur-
ing its execution so liveness is inobservable at execution.
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Dual Limit

fLim(P )
def
= :(Lim(:P ))

– fLim(P ) = :fff 2 ˚ ~1 j 8i 2 N+ : ff.i 2 :Pg

= fff 2 ˚ ~1 j 9i 2 N+ : ff.i 2 Pg

so that P „ fLim(P ) since whenever ff 2 P , we have
ff.jffj = ff 2 P proving:

PCl ‹ fLim is extensive

since P „ PCl(P ) „ PCl(fLim(P )) follows from extensiv-
ity and monotonicity of PCl.
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Characterization 2 of liveness

If we define:

Live(P )
def
= :Safe(P ) [ P

then

P „ ˚ ~1 is a liveness property if and only if
Live(P ) = P .

Proof. – Live(P ) is a liveness property: (43)
˚~+

= PCl(P ) [ :PCl(P )
„ PCl(P ) [ PCl ‹ fLim(:PCl(P )) PCl ‹ fLim is extensive
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= PCl(P [ fLim(:PCl(P ))) PCl is a complete join
morphism
= PCl(P [ :Lim: ‹ :PCl(P )) def. fLim

= PCl(P [ :Lim ‹ PCl(P ))
= PCl(P [ :Safe(P )) def. Safe

= PCl(Live(P )) def. Live, Q.E.D.

– Live(P ) is a liveness property so if Live(P ) = P then P
is also a liveness property;

– Reciprocally, if P is a liveness property then ˚~+ „
PCl(P ) hence ˚ ~1 = Lim(˚~+) „ Lim ‹ PCl(P ) = Safe(P )
whence :Safe(P ) = ; so that Live(P ) = :Safe(P ) [ P =
; [ P = P ;
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An immediate consequence is that Live is extensive and
idempotent. However it is not monotonic (; „ ˚~+ but
Live(;) = :Safe(;)[; = :; ˚ ~1 6„ Live(˚~+) = :Safe(˚~+)[
˚~+ = :˚ ~1[˚~+ = ;[˚~+ = ˚~+). This also shows that
Live(P ) may not be the least liveness property including
P (since ; „ ˚~+ = Live(˚~+) but Live(;) 6„ ˚~+) 15.

15 In contradiction with the claim on bottom of page 157 of [9].
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Decomposition into Safety and Liveness

– Any program property P can be decomposed into the
conjunction of a safety and a liveness property [8]:

- Safe(P ) safety property

- Live(P ) liveness property

- P = Safe(P ) \ Live(P )

Proof. Safe(P ) \ Live(P ) = (:Safe(P ) [ P ) \ Safe(P ) =
(:Safe(P ) \ Safe(P )) [ (P \ Safe(P )) = P \ Safe(P ) = P
since Safe is extensive.
Reference

[8] B. Alpern & F.B. Schneider.
Defining Liveness. Information Processing Letters 21 (1985) 181–185.
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A Simple Example [9]

– ˚ = fa; b; cg

– S = fag~̃ › fbg › ˚
_~1

– Safe(S) = fag
_~1 [ fag~̃ › fbg › ˚

_~1

– Live(S) = fag~̃ › fb; cg › ˚
_~1

– S = Safe(S) \ Live(S)

Reference

[9] E. Chang, Z. Manna & A. Pnueli.
“The Safety-Progress Classification” . In Logic and Algebra of Specifications, F.L. Bauer, W. Brauer & H.
Schwichtengerg (Eds.), NATO Advanced Science Institutes Series, Springer-Verlag, pages 143–202, 1991.
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Example: decomposition of total correctness

into partial correctness (safety) and

termination (liveness)

– Total correctness specification hˇ; ¯i:

- ˇ „ ˚ initial states

- ¯ „ ˇ ˆ¨ partial correctness relation

- ¨
def
= »fi „ ˚ final/blocking states

- ˘
def
= fhs; s0i j (s 2 ˇ ) =) (s0 2 ¨ ^ hs; s0i 2 ¯g

total correctness relation
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– Total correctness proof:

8ff 2 fi
»~1 : 9i < jffj : hff0; ffii 2 ˘ inevitability of ˘

– Partial correctness proof:

8s; s0 2 ˚ : (s 2 ˇ^hs; s0i 2 fi˜^s0 2 ¨) =) (hs; s0i 2
¯)g

– Termination proof:
8ff 2 fi

»~1 : (ff0 2 ˇ ) =) (9i < jffj : ffi 2 »fi )

() 8ff 2 fi
»~1 : (ff0 2 ˇ ) =) (ff 2 ˚

~+)

() fi
»~1 „ fff 2 ˚~+ j ff0 2 ˇg [ fff 2 ˚

~1 j ff0 62 ˇg
which is a liveness property, since:
˚
~+ „ fff 2 ˚~+ j ff0 2 ˇg [ fff 2 ˚

~1 j ff0 62 ˇg
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Proof. – 8ff 2 fi
»~1; (ff0 2 ˇ ) initial states hypothesis

=) ff0 2 ˇ ^ ff 2 fi
»~1 ^ ff 2 ˚~+ by termination

=) ff0 2 ˇ ^ ff 2 fi
»~+ by def. fi

»~1

=) ff0 2 ˇ ^ hff0; ffjffj`1i 2 fi
? ^ ffjffj`1 2 »fi by def. fi

»~+

and fi?

=) ff0 2 ˇ ^ hff0; ffjffj`1i 2 fi
? ^ ffjffj`1 2 ¨ by def. ¨

=) hff0; ffjffj`1i 2 ¯ by partial correctness

=) 9i < jffj : hff0; ffii 2 ¯ proving total correctness
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THE END

My MIT web site is http://www.mit.edu/~cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/.
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