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Posets
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Binary relation

— Given sets X1, X9, ..., Xpn, the cartesian product is

n
def
X1x Xox ... x Xn = {{z1, ..., zn) | J\ € Xi}
1=1

— An n-ary relation 7 on X1, Xo,...,Xpn is 7 € p(X1 X
Xox...xXp)ie. rC Xy x Xogx...x Xp

— If n =2, r is binary

— A binary relation 7 on a set X is 7 € p(X x X)

— We write z 7 y for (z, y) €7
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Graph of a binary relation

— A relation can be seen as a graph where X is the set
of vertices and r is the set of arcs. For example

ae k

,—A—H—A—\

ce__~d o

— Familiar relations on R are <, >, #, = while on p(X),
where X is a set, we have C, D, etc.
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Poset

A poset (X, <) is a set equipped with a partial order <
on X.

Examples:

- (N, <) is a poset (where Vz,y e N:z <y < Jz €
N:iz+2z=1y)

- (N, >) is a poset (where Vz,y e N:z >y <— z <
y)
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Partial order

— A partial order < on a set X is a binary relation < on
X which is
- reflexiveie. Ve X 1z <z
- antisymetric ie. Vz,y € X : (e <yAy <z) =
=Y
- transitive ie. Vz,y,z € X : (z <yArny < 2z) =
(z < 2)
where z < y formally means (z, y) € <
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Strict partial order

— if C is a partial order then [ is its strict version z C
Y o C y Az # y, sometimes denoted L.
- [Z, £ is the negation of = and C
-z [/ y Ny [/ x means that z and y are not comparable
(sometimes written z || y).
— A strict partial order < on a set X is a binary relation
< on X which is
- irreflexive i.e. Vz € X : =(z < z)
- transitive ie. Vz,y,z € X : (2 < yAy < 2) =
(z < 2)
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Correspondence between partial and
strict partial orders

THEOREM. If < is a strict partial order on X then <
defined by z <y <= z <y Vz =1y is a partial order
on X [
PrROOF. —z<z < z<zVz=z=ffvHt =1t
—z<yAy<z <= (z<yVz=y)A(y<zVz=y)
1. if £ = y antisymetry is proved
2. if z # y we have £ < y Ay < z whence z < z by transitivity, in
contradiction with irreflexivity, so this case is impossible.
- Ifz<yAny<zthen(z<yVz=y)A(y<zVy=2)
l.ifz=ythenz<zVz=zsoz <z
2. ify=zthenz<zvVz=zsoz<z

3. Otherwise z < y Ay < z so by transitivity z < z
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Preorder

— A preorder < on a set X is a binary relation < on X
which is
- reflexiveie. Ve e X 1z <z
- transitive ie. Vz,y,z € X : (z [ yAy X 2) =
(z = 2)

(but not necessarily antisymetric)
Example: < on 5 defined by 0 < 0/ < |o| < |¢/|
is a preorder but not a partial order (since e.g. ab < bc
and bc < ab but ab # bc).
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THEOREM. If < is a partial order on X then < defined
byz <y < z <yAz#yis a strict partial order on
X ]

PROOF. —z<z <<= z<zAz#z=UAff=£f
—z<yNy<z = (e<yArz#y A(y<zAy # z) which implies
z < z Az # z by transitivity of < since z = z would imply z =y = 2, a
contradiction.
O
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THEOREM. If < is a preorder then z = y af (z 2 y) A

(y < z) is a equivalence relation. u
PROOF.—a:Ea:déf(a:j:c)/\(mjx)=ttsincejis
reflexive
_ def def
—r=y=(22y)ny2z) = [W2z)A(z=2y) =
y=
—e=yAy=z2%E @A) Y= (22Y)
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Quotient ' poset of a preorder

THEOREM. Let < be a preorder on a set X. Let = be
the equivalence relation defined by z = y < (z =<
y) A (y < z). Let X/= be the quotient of X by =.
Define <—? on X/= by

el===ly)=Z e <y
Then (X/=, <=) is the quotient poset of the preorder
<X7 j> |

1 Recall that if = is an equivalence relation on a set X then the quotient X/- % {[z]- | ¢ € X} is the set of
equivalence classes [z]- = {y € X | z = y}.
2 In general, <_ is denoted < for short.
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Restriction of a poset to a subset

If r is a binary relation on a set X and Y C X then

def
rly = {{z,y) €r|z,ye¥}

THEOREM. If (X, <)isaposetand Y C X then (X, <|y)
is also a poset [

Proor. —IfzeY thenz<lyz=z<z=t
- Ifz,yeYthenz<|yyAy<|yzimpliesz <yAy<zsozr=y
- Ifz,y,z€Y thenz <|y yAy <|y z implies z <y < zso z < z on X hence
z<|lyzonY sincez,z €Y.
O
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PRrROOF. — First remark that the definition of <_ on X/— is independent of
the choice of the representants z and y of the classes [z]= and [y]= since
2 =z and ¥y = y implies 2’ <z <y <X ¢ so £’ < ¢/ by transitivity and
reciprocally, if 2’ <y thenz <z’ <y ' <ysoz <y

— We have z < z so [z]= =2 [y]=

— If [z]= <= [y]= and [y]= == [z]= then £ < y Ay < z so z = y proving that
[z)= = [y]=

— If [z]= <= [y]= and [y]= == [2]= then 2 < y Ay < z whence z < 2z by

0O
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Intervals

It follows that if (X, <) is a poset and a, b € X, then

— (e, E{zeX|a<z<b}

— [, E{zeX|a<z<b}
~Ja,b) E{zeX |a<z<b}
~Ja,b[E{zeX |a<z<b}
are all posets for <.
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Equality

THEOREM. The only partial order which is also an equiv-
alence relation is equality. ]

PROOF. Let ~ be an equivalence relation which is a partial order

— IRy
= IRYANYRTCT {by symmetry of equivalence§
= =Y {by antisymmetry of partial order §
— =z

= zIRY {by reflexivity§

O
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Covering relation

Let (X, <) be a poset. The covering relation is

<y (e<yA-(GzeX:z<z<y)

We say that “y covers z” or “z is covered by 3" and
write z < y

Examples:
— The covering relation of (N, <) or (Z, <)isz <y & (y =
z+1)

— The covering relation of (R, <) is ff

— The covering relation of (p(X), C)is X CY e Y\X:

Y =XU{z}
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Inverse of a partial order

THEOREM. The inverse of a partial order is a partial
order. ]

Proor. Let(X, <) be a poset and > be the inverse of <: z > yd:efy <z
— z > z since z < z (reflexivity)

—z>2yhy>z = y<zAz<y=— z=y (antisymmetry)
—z>2yhy>z= z<yAy<z=— z <z = z >z (transitivity)
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If (X, <) is a finite poset (i.e. X is a finite set) then
z<y=dzrg,.,zpneX z=20 <21 <... <Tp=Y

so that the order relation < is determined by < which
is itself determined by the cover —<. So (P, <) is deter-
mined by the (finite) graph of the cover (X, —<), which
can be drawn as a Hasse diagram.
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Hasse diagram

Let (X, <) be a finite poset. Its Hasse diagram is a set of points
{p(a) |a € X}

in the Euclidean plane R? and a set of lines
{{(a,b) |a,be X Na —< b}

joining p(a) and p(b) such that:
— if a —< b then p(a) is lower than p(b) (that is the second
coordinate of p(a) is strictly less than that of p(b))

— no point p(c) belongs to the line £(a,b) when ¢ # a and c # b
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Examples of Hasse diagrams
- Cover: | <0,0<+4,0 < —,
+ <T,—-=<T
— Partial order:
-1 <1, 1<0, L<+, 1L <
— LT
0<0,0<+,0< 0T
+<+ +<T
— <4, -<T
T<T
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Example: {1,a,b} with | —< a, 1 —< b can be drawn
as

e e
P@)/'\:“:_:‘C [

g

e(.-L ).a) | _W_,):

D=1

TH
I I" Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 22 — (©) P. Cousot, 2005

Bad diagrams for this partial order:

+
Tz
+
‘S%o
0 —< + but + lower than 0

line £(0, +) cut by —
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Can be intuitively extended to infinity for regular struc-
tures, as shown by the following examples:
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Antichain

— A antichain of a poset (X, <) is a subset A C X such
that
Vz,y € A:(z<y) = (z=1y)

— A poset (X, <) is an antichain iff X is a antichain of
(X, <)
— Example: (N, =)
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Chain
— A chain of a poset (X, <) is a subset C C X such that

Vz,ye C:(z<y)V(y <z

— A poset (X, <) is a chain iff X is a chain of (X, <)
— Example: (N, <)
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Example of chain and antichain

T
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Chain conditions: infinite chains

— A poset (P, <) has no infinite chain iff all chains in P
are finite

{ sy
Exo.mple Cmu\ Fef — ‘--.._‘1
gxamp le_ Tt |
i
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Chain conditions: DCC

— A poset (P, <) satisfies the descending chain condition
(DCC) iff any infinite sequence zg > 1 > ... > zp, >
... of elements z,, of P is not strictly decreasing that
isdk>0:V)>k:izp =1z,

— Example:
TN
\\"\\_ i
'T\
"
A
IR
L 1
N,
2 \-Q I
\ {1
III--
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Chain conditions: ACC

— A poset (P, <) satisfies the ascending chain condition
(ACC) iff any infinite sequence zg < z1 < ... < zp <
... of elements z,, of P is not strictly increasing that
isdk>0:V)>k:izp =1z,

— BExample:
e
PR
NN,
i\ s
T
i
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Toset, Woset

— A poset (P, <) is total whenever any two elements are
comparable:

Vz,ye P:(z<y)V(y<z)

— A toset (P, <) is a poset such that < is total
— A woset (P, <) is a toset satisfying DCC
— Examples and counter-examples:
- If X is a set with at least two different elements then (p(X), C)
is not a toset (since not all subsets are comparable)
- (N, <) is a woset
- (Z, <) is a toset but not a woset
v
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Tree

- If (P, <) is a poset and = € P then the downset of z
is|z= {yecP|y<az}

— A tree is a poset (T, <) such that for all z € T,
(l z, <) is a woset

— Example:
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Minimum and maximum

Note the difference with
— the minimum min(X) of X, if any:
min(X) € X AVz € X :min(X) <z

— the maximum max(X) of X, if any:
max(X) € X AVz € X : z < max(X)
[

P hoo no moximum!l
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Minimal and maximal elements of a poset

— Let X be a subset of a poset (P, <)

— The minimal elements of X are

MIN(X) & {me X | -3z e X :z<m)}

— The maximal elements of X are
MAX(X) ¥ {MeX |-(GzeX: M<z)}

— Example : let (N, <) be the poset of natural numbers with the
natural ordering <:
- MIN(N) = {0}
- MAX(N) =0
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Top and bottom elements of a poset, if any
A poset (P, <) has
— a top element/supremum /maximum T iff

TePAVzeP :z<T

— a bottom element/infimumminimum | iff

lePAVzeP: 1<z

— By antisymmetry, the top and bottom elements are
unique, if any

T
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xr

— The bottom element of (w, <) is 0. There is no top.
— The bottom element of (w + 1, <) is 0. The top is w.

e UV <_+0(~)

3 3
< z
4 |
o) o < loo‘H’ [2Ta a
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Absence of infinite chains in posets satisfying
the ACC and DCC

THEOREM. A poset (P, <) has no infinite chain iff it
satisfies both ACC and DCC |

Proor. Clearly if P does not satisfies the ACC and DCC then P has either an
infinite strictly inceasing chain of a strict decreasing chain. By contraposition,
a poset without infinite chain satisfies both ACC and DCC.

Conversely, let (P, <) satisfying bothh ACC and DCC. Assume by re-
dution ad absurdum, that *P* contains an infinite chain C: Vz,y € C : z #
y= (z <y)V(y <) If Aisanon empty subset of C, hence of P, by
the ACC on P, A has a maximal element m. If a € Athena <morm <a
which implies m = a by maximality of m. Hence Va € A : a < m, proving
that any non-empty subset A of C has a greatest element.
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Ascending chain condition (ACC) revisited

THEOREM. A poset (P, <) satisfies the ACC iff every
non-empty subset X of P has a maximal element. ]

ProOF. We prove by contradiction that (P, <) does not satisfies the ACC iff

evry non-empty subset X of P has no maximal element.

— Assume zp < 21 < ... < T, < ... in P, then {zo,z1,...,Zp,...} has no
maximal element.

— Reciprocally, assume X is a non-empty subset of P, so zop € X. We have
constructed a strictly increasing chain zg < ... < z, with n = 0.
Assume we have constructed zo < ... < z, withn > 0. Then {z¢, z1,...,z,} C
X has no maximal element. Therefor 3z,-1 : z,.1 > z,, proving that we
can construct zop < ... < z, < Z,.1. In this way, we can construct an
infinite strictly increasing chain zo < z; < ... < z, < ... in X proving that
(P, <) does not satisfy the ACC.

O
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Let z; be the greatest element of C, let z; be the greatest element of

C\ {z1}, ..., ©, be the greatest element of C \ {z1,...,z,—1}; Then z; >
Ty >— T3 >— ... >— T, >— ... 1s an infinite decreasing, covering chain in P,
in contardiction withh DCC. O

e
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Dual of a poset

— The dual of a poset (P, <) is (P, >) where > is the
inverse of <: z >y <— y<z.
— Example:

<BE> + - 4 A
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Duality principle

— Given a statement $= about posets which is true of all
posets, the dual statement &= is also true of all posets.

THS
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Dual statement

— To each statement $< about a poset (P, <) corre-
sponds a dual statement &= about the dual (P, >)

— Examples:

Statement $= |Dual statement &=
z<vy z>y
T <y >y
1 is the bottom T is the top
MAX(X) MIN(X)
min max
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Example 1 of dual statement
If they exist, the bottom of a poset is less than
or equal to the top
dual ~»

If they exist, the top of a poset is greater than
or equal to the bottom

T
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Example 2 of dual statement
THEOREM. The top element of a poset, if any, is unique.
|
ProoF. Let T € P and T' € P be two top elements of a poset (P, <). So
Vie P:z<TandVye€ P:y<T' In particular forz = T’ and y = T we
get T"< T and T < T' whence T = T’ by antisymetry. O

THEOREM. The bottom element of a poset, if any, is

unique. [
PROOF. By duality. |
i » fozch 17 ,

Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 45 — ©) P. Cousot, 2005

— Example:

Wk

Pownsek
— Notations (X C P, z € P):
I XY {yeP|IzeX: y<z}
def
Lo | {o}
TXdéf{yEP]EIQ:EX:yEQ:}
def
to %1 {2}
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Upset, downset

— Let (P, <) be a poset
— D C P is a down-set (or decreasing set or order-ideal
or ideal) iff

Vee D:VyeP:(y<z)= (y€ D)
— Dually, U C P is a up-set (or increasing set or order-
filter or filter) iff

VeeU:VyeP:(y>z)= (yecU)
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— Let (P, <) be a poset, z,y € P. The following are
equivalent:

<y
— lzCly
— VX eI(P):ye X =2z X

— X is a downset of (P, <) if and only if P\ X is an
upset of (P, <)

Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 48 — <) P. Cousot, 2005
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The poset of all downsets of a poset

— The set Z(P) of all downsets of a poset (P, <) is a
poset (Z(P), C)
— Example:

o e
Q.No\,
P
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— Example:

’_S__\ a— 'h.Luhu.es

C z a upshream oﬁ

— A subset X of a poset (P, <) is directed iff for any

finite subset X’ of X there exists z € X such that
vz e X'z < 2.
Proor. By induction on the cardinality | X'| of X'. O
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Directed set
— A subset X of a poset (P, <) is directed if and only if

Ve,ye X :dze X :2<z2zAy<z

— If X is directed on (P, <) then (X, <) is also called a
directed order.
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Upper and lower bounds

— Let (P, <) be a poset
— M € P is an upper bound of S C P if and only if
Vee S:z < M.

— Dually, m € P is a lower bound of S C P if and only
ifvee S:m<z.

— Note: it is not required that M € S or m € S as for
the maximum and minimum

T
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— S is said to be bounded above (by M) or, respectively,
bounded below (by m)

- St {MeP|VzeS z< M}
Szdéf{mEP|Va:€S:m§m}

— BExample:

n:
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— The dual notion is that of greatest lower bound of X
(glbX, infX, AX,[1X, ...)
— Example:

THS
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Least upper/greatest lower bound

— Let (P, <) be a poset and X C P
— The least upper bound of X, if any, is z such that:
- z is an upper bound of X (ie. Vy € X : z > v)
- z is the least of the upper bounds of X (i.e. Vu € P :
(Vg € X u>y) = (z <)
— Notation: if the least upper bound of X exists, it is
denoted lubX, supX, V X, | | X, ...

- || f@) E | {f(z) |z e A}, aub = | [{a,b}

zeA
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(Move LIS right in the above picture).

T
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Uniqueness of the lub/glb

THEOREM. Let (P, <) be a poset and X C P. If | | X
exists, then it is unique. ]

PRrROOF. Assume | | X exists and X has another lub z. We have

- Vz € X : z < z since 2 is an upper bound of X

-Vz:(VeeX:z<z)=—||X <zbydef lubso||X <z

- Vz e X :z <|]X since | | X is an upper bound of X so z < | | X since 2z
is the least upper bound of X

— So z =| | X by antisymmetry

0
THEOREM. Let (P, <) be a poset and X C P. If[]|X
exists, then it is unique. |
Proor. By duality. O

n:
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If Sy C Sy, C P and both LISy and LSy, exist in (P, C)
ProOF. Bydef. of US,: Vz € S, : z C LUS,. Since S; C Sy, Vz € S;: ¢ C US,,
so by definition of the lub of S, US, C US,. a

If Sy C Sy C P and both NS, and NSy exist in (P, C)
the 1S, J MSy.

PROOF. By duality. a
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The join/meet of C-comparable subsets of a
poset

— Let (P, <) be a poset and Sy C Sy, C P be two subsets
of P

— The join (and by duality) of meet of Sy or Sy may

exist, while the other does’nt:
; a 1Sy exists

s , L Sp exisys
SR
 ARE i T
Mol exist a,bjc am wpper— bounds oﬁ Se.

bk nete o €y ~than ok obhers
%o [1Se deto nof exist.
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Lub and glb properties

THEOREM. Let (P, <) be a poset. The empty set 0 has
a lub UQ in P if and only if P has a bottom (in which
case LIp = 1). m
PROOF. — Vz € 0: (z < UQ) holds vacuously
VzeP:(Veel:z<2)= (LU0 < 2)

VzeP: = (LD < 2)

Vze P: (U0 <z)

U0 = L is the infimum of (P, <)

roe,

O

THEOREM. Let (P, <) be a poset. The empty set 0 has
a glb M@ in P if and only if P has a supremum (in which
case M0 = T. u
Mipor. By duality.
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THEOREM. Let (P, <) be a poset. Then LIP exists in
P if and only if P has a supremum T, in which case
UP =TT. ]

PROOF. If LIP exixts thenVz € P:z < UP and UP € P so LUP = T is the
supremum of (P, <). O

THEOREM. Let (P, <) be a poset. Then MP exists in P
if and only if P has a infimum |, in which case MNP = 1.

|

Proor. By duality. O
i » fozch 17 ,
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The predicate ordering

— A subset X € p(S) is characterized by the character-
istic function

fx e S—B
fx@) E(zex2tt:ff) = (z € X)

— If we define f < g iff V2 € S : f(z) = g(z) then

XCY < fx</fy

THS
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The subset ordering

— Let S be a set

— (p(S), C) is a poset

— 0 is the infimum

— S is the supremum

—if X C p(S) then lub X = UX
—if X C p(S) then glb X = nNX
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So, by isomorphism:
- (S+— B, <) is a poset
— Az .ff is the infimum
— Az .tt is the supremum
- If F C(S+— B) then
-lub F = Az. \Vcp f(2)
- gl F =Xz Ay f(2)
where V/A is the lub/glb in the poset (B, <) with or-

l'ﬂf
dering *# (i.e. (B, =)).

e
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Lattices

n:
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Lattice

— Alattice (P, <, U, M) is both a join semi lattice (P, <, LJ)
and a meet semi lattice (P, <, ).

— Examples
]
]
)
q\.&\’ —Rern, Jown — emi bl
=l : !
<L l o e
Mir
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Join/meet semi-lattice

— A join semi lattice (P, <, L) is a poset (P, <) such
that any two elements z,y € P have a least upper
bound z Ll y.

— Dually, a meet semi lattice (P, <, M) is a poset (P, <)
such that any two elements z,y € P have a greatest
lower bound z My.
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Characterization of the partial order of
a join/meet semi-lattice

THEOREM. In a join semi-lattice (P, <, L) we have (for
all a,b € P):

a<b < allb=b»b

PROOF. — If a < bthen b > a and b > b by reflexivity so b is an upper bound
of {a,b}. Let ¢ be another upper bound of {a,b} so that a < cand b <c
proving b to be the least upper bound of {a,b} that isa b =b.

— Reciprocally, if a,b € P the a U b exists in a join semi-lattive. If aUb =1
then b = a Llb > a by def. of lubs.

O

T
I I" Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 68 — <) P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

— By duality, a > b <= a = albin a meet semi-lattice
— In a lattice, a <b <= allUb=b < a=allb

n:
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PrROOF. — (alJb) is an upper bound of {a, b}, (aLIb)Lic is an upper bound of
{a, b} and {c} whence of {a, b, c} whence of {a, bLic} proving that (alb)Uc <
a U (bUc). The inverse is proved in the same way and we conclude by
antisymmetry.

— alUband bU a are upper bounds of {a,b} = {b,a} and being the lub,
allb<bUaand blla <alUbsoallb=>blLa by antisymmetry

— ais an upper bound of {a} = {a, a}, whence the least, proving that alla = a

- a<aMfz by def. glb. a <aUbsoa is alower bound of {a,a U b} whence
aM(aUb) <a proving a = a U (aUb) by antisymmetry.

O
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Algebraic properties of
join/meet semi-lattices and lattices

In a join semi-lattice (P, <, U), we have

—(aub)Uc=aU(bUc) associativity
—allb=bUa commutativity
-—alla=a idempotence
In a lattice (P, <, U, M), we have as well:

—af(alUb)=a absorption

— as well as the dual identities
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Algebraic definition of a semi-lattice

THEOREM. Let L be a set with a binary operation LI
such that:

—(aUb)Uc=aU(bUc) associativity
—allb=bUa commutativity
-—ala=a idempotence
Define a < b © 4Ub = b Then (P, <, L) is a join
semi-lattice. ]

A dual result holds for meet semi-lattices.

T
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PROOF. — a < a since alla = a, so < is reflexive

—a<bAb<aimpliesallb=bandblla=asoa=allb=blla=2>bby
commutativity, proving < to be antisymmetric

—a<bAb<cimpliesalb=band bUc=csoaldc=al(blc) =
(aUb)Uc=0bUc=cproving a < c so that < is transitive

— We have a U (alUbd) = (aUa)Ub) =allbsoa<alb bdbU(albd) =
bU(bUa) = (bUb)Ua=bUa=allb proving b < (aJb) so that (aLIb) is
an upper bound of {a, b}.

— Let z be another upper bound of {a,b} so a < z and b < z. We have
aUz=zand bz =z soal (bUz) =z hence (a Ub) Uz = z proving
alb<z

— If follows that a Ub = lub({a, b}).
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ProorF. — We know that (P, <;, L) is a join semi lattice, with a <; b o
a b= b and dually that (P, <,, M) is a meet semi lattice, with a <; b £
alb=a.

— Ifa <; bthen allb=bsoa = aM(alUb) = aMb proving a <, b. Reciprocally,
ifa<,bthena=aMNbsob=>bU(bMa)=>bU(aMb) =blUa = allb proving
that a <; b. We conclude that <; = <, which we now write <.

— Because (P, <, U) is a join semi-lattice, any two elements have a lub a LI'b

— Because (P, <, M) is a meet semi-lattice, any two elements have a glb aMb

— We conclude that (P, <, U, M) is a lattice in the order-theoretic sense.
O
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Algebraic definition of a lattice

THEOREM. Let (P, L, M) be a set equipped with binary
operators such that (P, L) is a join semi-lattice and
(P, M) is a meet semi-lattice, and the absorption laws
do hold:

—af(alb)=a absorption
—al(anb)=a

Then allb = bif and only if alb = a and so (P, <, LI, M)

is a lattice, with (a <) o (aUb=0). n
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Elquivalence of the order-theoretic and
algebraic definition of a lattice

We have shown the equivalence of the following two def-
initions (where a <b e ub=bor equivalently a < b
def
=alNb=a):
— Order-theoretic definition:
A lattice is a poset (P, <) such that any two
elements a,b € P have a lub a LI b and a glb
afllb.
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— Algebraic definition: — Counter-examples:
A lattice is a set P equipped with two binary ‘
operators LI (join) and M (meet) satisfying*:
-(aUb)Uc=all(bUc) associativity
-(amb)Mc=ar(bne)
-alb=bUa commutativity
-alb=>bMNa
-alda=a idempotence
-alla=a . Wc} a (swL) lithe Nt o sublafice  Not o Pabtice
-af(aUb)=a absorption , bqua Cottice
-al(anbd)=a i ? 5 DAL
3 Note that these laws extend to finite sets (but not to infinite ones).
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Sublattices
— Let (L, <, U, M) be a lattice. S C L is a sublattice of
L if and only if
Vz,y€ S:zllye SAsMNyeS CPOs and Complete Lattices

— BExamples:

S
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Infinite meet and join may be missing in a lattice

i On the left is represented the (infinite) Hasse diagram
¢ j of the lattice (Z, <, min, max) equipped with
(0]
4
-2

a<bd ¥ 3eN: at+c=b natural ordering
mlna,b)d:ef([agb?asb]) glb
ax(a,b) & (a<b?b:a) lub

Any finite subset has a lub and a glb. However the infinite subsets
— {z | z > n} have no lub

- {z | £ < n} have no glb

— Z has neither lub nor glb

n:
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— Examples:
o L)
3 w+2
\ .I wr ® Lt ) W+l
v ) ' Wi a w)
4 4 L2 L
i} 3 4 5/ 3
i p FIREE 4 q
, 4 =
0] o) | ; Al 7 o
Nak o cpo | \aorn\'ed- cpo o " poiaked Cjﬁo
T Gpo (Luhid’i ot o 6!}7{*&@)
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(Pointed) complete partial order (cpo, pcpo)

— A complete partial order (cpo) (P, C, L) is a poset
(P, C) such that any increasing chain of P has a lub
in P

— An w-cpo (P, C, U) is a poset (P, C) such that any
increasing w-chain* of P has a lub in P

— A pointed cpo (pcpo) (P, C, 1, L) isacpo (P, C, L)
which has a bottom L

The definition using directed chains instead of increasing

chains is equivalent.

4 je. of order w
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Complete lattice

A complete lattice is a poset (P, C) such that any subset
X C Phasalub UX in P.

Examples:
- (p(S), C, U, N) is a complete lattice
i te=  — On the left is represented the complete lattice
T (Z U {—00,+00}, <, min, max) with the following ex-
< tension of <, min and max:
1 - —c0<—cw<z<+oo < +oo forall zeZ
:; — min(X U{—00}) = —oo for all X C Z U {+o0}
I — max(X U {4o00}) = 4oo for all X CZ U {—o0}
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Bottom and top of a complete lattice

— A complete lattice (P, C, L) has an infimum | = LI}
— A complete lattice (P, C, L) has an supremum | =
UP
— Examples:
- In (p(S), C, U, N) the infimum is @ and the supre-
mum is S, written (p(S), C, 0, S, U, N)
- In (Z U {—00, 400}, <, min, max) the infimum is —oco
and the supremum is +o0o, written
(ZU{—00,+00}, —00, +00, <, min, max)
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A complete lattice has both lubs and glbs

THEOREM. Let (P, C, 1, T, L) be a complete where LI

is the lub. Then the glb is:
l‘lezefl_I{y|V:r€X:yE:r}

ProoF. — Since P has a bottom L, the set {y | Vz € X : y C z} contains |
whence is not empty

— Any element of X C P is an upper bound of {y | Vz € X : y C z} so is
greater than or equal to the least upper bound:

Ve X :W{y|VzeX :yCz}Clx
Vee X . NMXCz
proving that MX is a lower bound of X.
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A complete lattice is not empty

— It follows that a complete lattice is never empty
— Example:

- The smallest lattice is
<{o}, =, 0 0 AX. o )\X..>
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— Let z be any lower bound of X:
VeeX:zCxz

soz € {y|Vz € X :y L z} that is z C MX proving that ¢ M X is the
greatest lower bound of X
O
By duality, a complete lattice can be defined as a poset
(P, C) such that any subset X C P has a glb MX in
P.

e
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Finite lattices are complete

THEOREM. Finite lattices are complete. ]

Proor. Let (L, C, U, M) be a finite lattice. Let S C L be a subset of L.
if S has one element zo then US = LU{zo} = zo. Assume by induction hy-
pothesis that L{zo,...,z,_1} does exists and S = {zo,...,z,}. Then US =
L{zo,...,Zn} Uz, which exists in L. So by recurrence LIX exists for all finite
non-empty subsets of L which, being finite, has no other subsets than the
empty set. But L is finite so L = {z,...,z,} and o M...MNz, is the infimum
1 of L. So U@ = L also exists. The existence of all lubs implies that (L, C,
L, T, U, ) is a complete lattice. O
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Example
For (Z U {—00, 400}, <, —00, +00, min, max),
we get the complete lattice of integer intervals:

[-eoeo]

THS
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Example: the complete lattice of intervals

Given a complete lattice (L, C, L, T, U, M), the lattice

Z(L) of intervals over L is

~ (L) ¥ {1y U{la,b] | a,bE€ LAGL b}

— The ordering is | C | C [a,b] C [c, d] provided a C ¢
and cC d

—Thelubis L UX =X U1l = X and [a,b] U[c,d] =
[aMec,bUd]

—Theglbis LMX =XMN1=_1 and [a,b] Ulc,d] =
letm=ale, M =bNdin(mC M?7?[m,M]: 1)

— The infimum is | while the supremum is [L, T]
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Elquivalent definition of a complete lattice

THEOREM. Let (P, C) be a non-empty poset. Then the
followin are equivalent

(i) P is a complete lattice (P, C, L, T, U, M)

(ii) P has a top element, and MX exists in P for every
non-empty subset X C P
]

Proor. - (i) = (ii) since T = UP = MNP and MX exists in P for every
non-empty subset X C P

— If MX exists in P for every non-empty subset X C P the LIX exists for
every subset X of P which has an upper bound « in P:
-LetU={yeP|VzeX :zCy}

e
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- U is not empty since u € U so MU exists in P being a non-empty subset
UCPpP

-VeeX:VyeU:zCy
= Vz € X :z CNU by def. glb
= U is an upper bound of X

- Let u be any other upper bound of X. WehaveVz € X :z Cusou e U
so MU C u proving MU to be the lub of X.

— Since P has a top, every subset X of P has an upper bound T in P and so

UX ={yeP|VzeX :zy}

So m = UF for some finite F C X. Let z € X, then W(FU{z}) € YV
and m = UF C U(F U{z}) C m since m is maximal in Y proving that
m = UF = U(F U {z}) by antisymmetry. We have z C m by def. lub
proving that m is an upper bound of X.
Let u be any other upper bound of X. Then u is an upper bound of

F C X and hence m = UF C u proving that m is the lub pf X, that is
UX =m =UF.

— It L has a bottom and satisfies ACC, the LIX exists for every non-empty
subset X C L, so L is complete (we proved the dual).

— If L has no infinite chains, it has a bottom and ACC.

0O
is the lub in P
O
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ACC and lattice completeness
THEOREM. Let (L, C, LI, M) be a lattice.
— If L has a bottom and satisfies the ACC then it is a
complete lattice Boolean algebras
— If L has no infinite chains then it is a complete lattice
|
PROOF. — Let us first prove that if L satisfies ACC then for every non-empty
subset X of P, there exists a finite subset F' of X such that UX = UF.
Since LIF exists for all finite subset of L, we can define
Y & {UF | F is a finite non-empty subset of X}
X is non-empty so Y is non-empty and, being included in L, it satisfies the
ascending chain condition, whence has a maximal element m.
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Distributive and modular inequalities in a lattice
THEOREM. The following inequalities hold in any lattice
(L, <, V, A):

() (zAy)V(EAz) <zA(yy2)
(i) zV(yAnz)<(zVy A(zV2)
(iii) (zAy)V(ynz)V(zAz) < (zVy)A(yVz)A(zVz)

Equivalence of distributive equalities in a lattice
THEOREM. The following equalities are equivalent in a
lattice (L, <, Vv, A):

(i) (zhy)V(zAz)=zV(yAz)
(ii) (zVy)A(zVz)=zA(yV2)
(iii) (zVy) Az <z V(yA=2)

distributive inequalities ]
(iv) (zAy)V(zAhz)<zA(yV(zAz2))
modular inequalities
]
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ProoF. — (iv) ProoF. — Assume (i), withz =a Vb, y =a, z = ¢, we get
zAy<z {def. glb  (a)§ ((avb)Aa)V(avbAc)=(aVbd)V(aAc) {(@)§
zhz<z {def. glb  (b)§ aV((avb)Ac)=(aVbd)V(aAc) {sincea=(aVvb)Aa (b)§
(zAy)V(znz)<z {(a), (b), def. lub (c)§ (cha)V(cAb)=cV(anbd) (by Q) withz=c,y=a,z=0b (c)§
zAy<y {def. glb (d)§ (avb)A(ave)=aV(aAc)V(bAc) {(b), (c), commutativity (d)§
y<yV(zAz) {def. glb (e)§ (avb)A(ave)=aV(bAc) {since a V (a A ¢) = a, proving (ii)§
(zAz)<yV(zAz) {def. lub  (f)§ - By duality, (i) = (i)
(zAy)V(zAz)<yV(zAz) ((d), (e), (), transitivity, def. lub (g)§ — Assume (ii) holds in L. Then
(zAy)V(zAnz)<zA(yV(zAz)) {(c), (g), def. lub Q.E.D.§ zV(yAz)=(zVy)A(zVz)>(zVy) Az

— The proof of the distributive inequalities (i), (ii) and (ii) is similar.

O

TH
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since z VV z > z thus proving (iii)
— Conversely, assuming (iii) with z =a, y =b, z = a V c in (iii), we get
(avb)A(ave)<aV(bA(aVe) (@)§

(avb)A(ave)<aV((aVc)Abd) {commutativity (b)§

Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 100 — <) P. Cousot, 2005
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(ave)Ab<aV(cAb)
aV((ave)rb)<aV(cAb)

{by (i) withz=a,y=c,z=b (c)
{(c) and def. lub (d)

aV((ave)Anb)<aV(cAb) {(d), associativity, (a Va)=a (e)
(avb)A(ave)>aV(bAc) {(b), (e), transitivity (f)
(avd)n(ave)>aV(bAc) {as proved earlier in any lattice (g)§
(avd)A(ave)=aV(bAc) {(f), (g), commutativity, antisymmetry,
proving (ii)§
0O
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— The dual of a distributive lattice is distributive (since
(ii) is the dual of (i)).
— Counter-examples:

N = M 3 ( djd_fh_ﬂ)
(Qer\?&%bn)
(Even more precisely, a lattice is distributive, if and only

if it has no sublattice isomorphic to one of the lattices
N5 or M3?)

5 See G. Gratzer, “Lattice theory, first concepts and distributive lattices”, Freeman Pub. Co., 1971, Th. 1, p.
70.

n:=
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Distributive lattice

— A lattice (L, <, V, A) is distributive if and only if one
of the following equivalent conditions is satisfied:
(i) (zAy)V(zAz)=2zV(YyAz) <
(ii) (zVy)AN(zVvz)=zA(yVz) <
(iii) (zVy) Az <z V(yAz)
— Examples
- (p(S), C, U, N) is a distributive lattice
- Any chain is a distributive lattice

TH
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(Semi)-infinitely distributive lattice

A lattice (L, <, V, A) is semi-infinitely distributive if
and only if it satisfies either of the following conditions
(where when the lefthand side of the equation exists,
then so does the righth and side, and then they are equal,
SCLandcze€L):

z A (\/ S) = \/ (z As) Infinite meet distributivity

seS
zV( /\ S) = /\ (z Vs) Infinite join distributivity
seS
Illil- Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005 — 104 — <) P. Cousot, 2005
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A lattice (L, <, V, A) is infinitely distributive if and
only if it satisfies both conditions.
Examples:

- (p(9), C, U, N) is infinitely distributive
— any chain is infinitely distributive

— any finite distributive lattice is infinitely distribu-

The dual of (1) is

VA aas= AV tara) (2)

acABeBy yel'acA

— A complete lattice is meet completely distributive iff
it satisfies (1)
— A complete lattice is join completely distributive iff it

tive satisfies (2)
— A complete lattice is completely distributive iff it sat-
isfies both (1) and (2)
— Example:
- (p(S), C, 0, S, U, N) is completely distributive
DT e 16.500: “Abstract ntepretation’, Thusday Mareh 175, 2005 05— . Gousat, 2005 DT e 16.500: bstract nterpretation’, Thusday March 178, 2005 o & P. Cousot, 2005
Completely distributive lattice Complement

By recurrence, we get:

r Ny ni Ny
/\\/a]’k: \/...\/(aljl/\.../\arjr)
j=1k=1 A=l gl

which, by defining
—A:{l,...,’r‘}
— B]_:{]_,...,n]_},--~7BT‘:{1)"'1nr}
- I'={y|VjeA:v(j) € Bj}

can be rewritten as:

/\ \/ Gaf = \/ /\ Aay(a) (1)

acABEBy yel'acA

TH
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Let (P, <, 1, T) be a poset with infimum | and supre-
mum .
We say that a € P has a complement b in P iff

aANb= 1 and
aVb=T

In general the complement may not be unique®:
™ i

O s

J-/

S0 &7

6 Note that a has complements b; and b, while b; and b, have a unique complement a.
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In general the complement may not exist at all:

T

In case a has a unique complement, then it is written a’,
a, —a, etc.

n:
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De Morgan identities

THEOREM. In a distributive lattice (L, <, 0, 1, Vv, A),
if a and b have complements, hence unique ones —a and
—b, then:

—(aAb) =—-aV b

—(aVb) =-aA-b

PrOOF. — (a Ab) A (—aV —b)
= (aAbA—-a)V (aAbA D)
=0v0=0
- (aAb)V (-aV -b)
= (aV-aV-b)A(bV-aV-bd)
=1A1=1
— So =(a Ab) = (—aV —b) by def. complement

THS
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Uniqueness of the complement in distributive
lattices with top and bottom elements

THEOREM. Let (L, <, 0,1, V, A) be a distributive lattice
with bottom 0, top 1. Then any element z of L has at
most one complement. [

PROOF. — Assume than by and b; are both complement of a € L
— b
= bo /\ ].
= bo N (a Y b]_)
= (bo N a) \ (bo A bl)
=0V (b Aby)
=byAb;
— by = by A by, as above, exchanging by and b;
— by = by by transitivity
O

TH
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— The second law is the dual of the first in the dual lattice (L, >, 1, 0, A,
V) which is also distributive, whence holds by the above proof of the first
equality.

O

T
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Bounded poset

A bounded poset is a poset (P, <) which has a top T
and a bottom element |

n:
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Boolean lattice

— A Boolean lattice is a complemented distributive lat-
tice

THS
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Complemented lattice

A complemented lattice is a bounded lattice (L, <, L,
T, U, M) in which every element z € L has a complement
in L

TH
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Boolean algebra

— A boolean algebra (P, <, 1, T, V, A, 7) is a Boolean
lattice in which which <, 1, T and — are also consid-
ered as operations:

- (P, V, A) is a distributive lattice
mgyd:ef:z:\/y:y = TzNy==x
aVl=aandaAT=aforallacP
aV-a=TandaA—-a=_1foralla€eP
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Boolean subalgebra

— A boolean subalgebra of (P, <, L, T, V, A, 1) is
<Q) S) J_) T) \/1 /\1 ﬁ>

such that:
-QCP
-1, Te@
-Vae@Q:-aeQ
- (@, <, V, A) is a sublattice of (P, <, V, A)

n:
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— An algebra of sets (also called field of sets) is a Boolean
subalgebra of some powerset algebra

(p(X), S, 0, X, U, N, )

— 2"+ 2 where 2 = {0, 1} is a boolean algebra
(2" — 2, <, 0, 1, A, Vv, 5 such that:

f<g® va,..
oY Az, -

& Az, -

III--
n Course 16.399

HTn €2 f(z, ..
..,Zn)-0
oy Zp)-1

9: “Abstract interpretation”, Thursday March 17th,

2005 — 119 —
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Examples of Boolean algebras

- ({0,1}, <, 0,1, V, A, 7) with0< 0< 1< 1 and

V0|1 A0]1 -
001 000 1
1111 101 10

— For any set X, let A= X\ A then
<p(X)) g: w) X: U) ﬂ) _'>

is a boolean algebra (called the powerset algebra)
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\/ fi € Mz, ..

1€A

A fi € Az, ...

1€A
def

- f = XNz, .-

e
IMii Course 16.399: “Abstract interpretation”, Thursday March 17th, 2005
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1€A

N filzy,. ..
n)

1€A

—f(zy, ...,z
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Identities in Boolean lattices

THEOREM. Let (L, <, 0, 1, V, A, —) be a Boolean lattice. Then:
(i)  0=1and -1=0
(ii) Va€e L:—~a=a
(iii) Va,b € L : 7(aVb) = a A —b and —(a A b) = —a V b (De
Morgan laws)
(iv) Va,b € L:aAb=—(-aV~-b)and Va,b e L:aVb=—(-aA—b)
(V) Va,be L:aN-b=0 < a<bwherea<bZavb=
b < aANb=a
[
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PROOF. — To prove p = —q in L, it is sufficient to prove that p V¢ = 1 and
p A q = 0 since the complement is unique in distributive whence Boolean
lattices

— This observation makes the proof of (i), (ii) and (iii) entirely routine
— Part (iv) follows from (ii) and (iii)

— Part (v) is an easy exercice
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THE END

My MIT web site is http://www.mit.edu/  cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399 /www/.
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