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Moore family

Let hP; vi be a poset with top element >. A Moore
family is M „ P , such that:

– > 2M

– If X 2 }(M) n f;g then uX exists in P and uX 2M

or equivalently 1

– If X 2 }(M) then uX exists in P and uX 2M

that is M is closed under meet.

1 Since u; = >.
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– Example:

– Counter-example:

x is missing!
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Moore closure

A Moore closureM is for the particular case of h}(X);
„; ;; X; [; \i:

– X 2M

– If Y „M then \Y 2M

The elements ofM are calledMoore closed sets or closed
sets or saturated sets, etc. . . , depending on the mathe-
matical context. A Moore closure is also called Moore
collection, closed system, \-structure, etc.
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Example of Moore closure

– Let ” be an equivalence relation on a set X

– Let us define S „ X to be ”-saturated iff it is a union
of equivalence classes:

8x1; x2 2 X : (x1 2 S ^ x2 ” x1) =) (x2 2 S)

– LetM = fS „ X j S is ”-saturatedg

– M is a Moore family in h}(X); „; ;; X; [; \i

Proof. Assume M = fS¸ j ¸ 2 ´g „ M. Then x1 2
T
M =) x1 2

T

¸2´ S¸
=) 8¸ 2 ´ : x1 2 S¸ =) (8¸ 2 ´ : (x1 2 S¸ ^ x2 ” x1) =) (x2 2 S¸))
whence ((x1 2

T

¸2´ S¸^x2 ” x1) =) (x2 2
T

¸2´ S¸)) so x1 2
T
M ^x2 ” x1

=) x2 2
T
M proving that

T
M 2 M. ut

Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 7 — ľ P. Cousot, 2005

Example: convex subsets of a poset

Let hP; »i be a pre-order (» is reflexive and transitive).
Given a; b 2 P , define

[a; b]
def
= fx 2 P j a » x ^ x » bg

Call S „ P to be convex whenever

a; b 2 S =) [a; b] „ S

Then M = fS „ P j S is convexg is a Moore family of
h}(P ); „; ;; P; [; \i
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Proof. – Let S¸, ¸ 2 ´ be a family of convex subsets of P i.e. 8¸ 2 ´ :
S¸ 2 M.
If a; b 2

T

¸2´ S¸ then 8¸ 2 ´ : a; b 2 S¸ so 8¸ 2 ´ : [a; b] „ S¸ (since S¸ is
convex) whence [a; b] „

T

¸2´ S¸ (def. of glb) proving that
T

¸2´ S¸ 2M.

– If
T

¸2´ S¸ is ;, then ; is convex, so in that case
T

¸2´ S¸ 2M

– If ´ is empty,
T

¸2; S¸ = P which is convex

– M is closed under arbitrary intersections whence is a Moore family
ut
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A Moore family in a poset is a complete lattice

Theorem. Let hP; v; u; ti be a topped poset andM „
P be a Moore family then hM; vi is a complete lattice
hM; v; uM; >i.

Proof. Since hP; vi is a poset and M „ P , hM; vi is a poset. Being a
Moore family it is topped and any subset S „ M has uS 2 M so u is the
meet in M . It follows that M is a complete lattice, which lub is:

tS = ufy 2M j 8x 2 S : x v yg 2M

The infimum is uM 2M . ut
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Note that in general, the lub in the Moore family M is
not the same as the lub in the original poset P :

So in general a Moore family of a complete lattice is not
a complete sublattice of this complete lattice.
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Moore family/complete lattice of safety properties

Let ˚ be a set of states and ˚ ~1 be the set of finite or
infinite sequences on ˚. A trace property is P „ ˚ ~1.
A safety property is S „ ˚ ~1 such that:

8ff 2 ˚ ~1 : (ff 62 S) () (9i – 1 : ff . i 62 S) (1)

where ff . i = ff0 : : : ffminfi;jffjg`1 and jffj is the length
of ff.

Theorem. The set Safe(˚ ~1) of safety properties on
h}(˚ ~1); „; ;; ˚ ~1; [; \i

is a Moore family whence a complete lattice.
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Proof. – The top element ˚ ~1 is a safety property since both sides of the
implication are false in the definition (1)

– Let P¸, ¸ 2 ´ be a family of safety properties: 8ff 2 ˚
~1 : (ff 62 P¸) ()

(9i – 1 : ff . i 62 P¸)

- 8ff 2 ˚ ~1 : ff 62
T

¸2´P¸ =) 9¸ : ff 62 P¸ =) (9i – 1 : ff . i 62 P¸) =)
(9i – 1 : ff . i 62

T

¸2´P¸).

- Conversely, 8ff 2 ˚ ~1 : (9i – 1 : ff . i 62
T

¸2´ P¸) =) (9¸ 2 ´ : 9i – 1 :
ff . i 62 P¸) =) (9¸ 2 ´ : ff 62 P¸) =) ff 62

T

¸2´P¸

It follows that
T

¸2´P¸ is a safety property since 8ff 2 ˚
~1 : (ff 62

T

¸2´ P¸) ()
(9i – 1 : ff . i 62

T

¸2´P¸).
So Safe(˚ ~1) contains the top and is closed under intersection whence is a
Moore family hence is a complete lattice. ut

Note that Safe(˚ ~1) is not a complete sublattice of h}(˚ ~1); „i
since 8n 2 N : fanbg is a safety property whereas

S

n2Nfa
nbg

= a?b is not (since it is not closed by limits).
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Combinations of posets
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Linear (ordinal) sum of posets

Let hP; »i and hQ; vi be two posets. Their linear (or-

dinal) sum is hP; »i ˘ hQ; vi
def
= hP ˘Q; —i such that:

– P ˘Q
def
= fh0; xi j x 2 Pg [ fh1; yi j y 2 Qg

– hi; xi — hj; yi
def
= (i = j = 0 ^ x » y)
_ (i = 0 ^ j = 1)
_ (i = j = 1 ^ x v y)

The linear (ordinal) sum of posets is a poset. Example:
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Bottom/top lifting

Given the posets hP; »i, h?; =i and h>; =i

– bottom lifting P?
def
= f?g ˘ P adds a bottom to P :

– top lifting P>
def
= P ˘ f>g adds a top to P :
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Flat ordering

Given a set S, and posets hS; =i and hf?g; =i, Scott’s
flat ordering is S?. For example:

Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 17 — ľ P. Cousot, 2005

Smashed linear sum (or smashed ordinal sum)

of posets

Let hP; »; >i and hQ; v; ?i be two posets such that
P has a top > and Q has a bottom ?. Their smashed
linear sum (or smashed ordinal sum) is

hP; »i ˘? hQ; vi
def
= hP n f>g; »i ˘ hQ; vi

‰ hP; »i ˘ hQ n f?g; vi

(so that it is obtained from the linear sum hP; „i ˘
hQ; vi by identifying the top > of P with the bottom
? of Q).
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Example:
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Disjoint (cardinal) sum of posets

Let hP; »i and hQ; vi be two posets. Their disjoint

(cardinal) sum is hP; »i + hQ; vi
def
= hP +Q; —i such

that:

– P +Q
def
= fh0; xi j x 2 Pg [ fh1; yi j y 2 Qg

– hi; xi — hj; yi
def
= (i = j = 0 ^ x » y)
_ (i = j = 1 ^ x v y)

– Intuition:
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– Example 1: hf?g; =i ˘ hf0g; =i ˘ (hf`g; =i+ hf+g; =i)
˘ hf>g; =i is (up to an isomorphism):

– Example 2: hf0g; =i ˘ (hf1g; =i+ hf2g; =i)˘ (hf3g; =i
+ hf4g; =i + hf5g; =i)is (up to an isomorphism):
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Smashed disjoint (cardinal) sum of posets
Let hP; »; ?P ; >P i and hQ; v; ?P ; >P i be two posets. The
smashed disjoint sum hP; »i+>? hQ; vi is hP +

>
? Q; »i where:

P +>? Q
def
= fh0; xi j x 2 P n f?P ;>Pgg
[ fh1; yi j y 2 Q n f?Q;>Qgg
[ f?;>g

with ordering » such that:

– ? » ? » h0; xi » > » > for all x 2 P n f?P ;>Pg

– ? » h1; yi » > for all y 2 Q n f?Q;>Qg

– h0; xi » h0; x0i iff x » x0 and x; x0 2 P n f?P ;>Pg

– h1; yi » h1; y0i iff y v y0 and y; y0 2 Q n f?Q;>Qg
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Intuition:

Example:
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More generally, we can write:

– + for the cardinal sum

– +? for the ?-smashed cardinal sum

– +> for the >-smashed cardinal sum

– +>? for the ? and >-smashed cardinal sum

For example:
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The cartesian (cardinal, componentwise)
product of posets

Let hP1; »1i, . . . , hPn; »ni be posets. The cartesian
product

P1 ˆ : : :ˆ Pn
def
= fhx1; : : : ; xni j

n̂

i=1

xi 2 Pig

can be made a poset hP1 ˆ : : :ˆ Pn; _»i with the com-
ponentwise ordering:

hx1; : : : ; xni _» hy1; : : : ; yni
def
=
n̂

i=1

xi »i yi
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Examples:

Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 26 — ľ P. Cousot, 2005

The componentwise ordering _» is sometimes denoted
»1 ˆ : : :ˆ»n.

If the relations »i, i = 1; : : : ; n are reflexive, sym-
metric, antisymmetric, transitive, a preorder, an equiv-
alence, a directed order or a partial order then so is the
componentwise ordering.
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Smashed cartesian (cardinal, componentwise)
product of posets

Let hP; »i and hQ; vi be posets with infima?P , ?Q and suprema
>P and >Q.
The smashed cartesian product hP; »i ˆ? hQ; vi of hP; »i and
hQ; vi is hP ˆ? Q; —i such that:

P ˆ? Q
def
= fhx; yi j x 2 P n f?P ;>Pg ^

y 2 Q n f?Q;>Qgg
[ f?;>g

where ?, > 62 P [Q and

– ? — ? — hx; yi — > — > for all x 2 P n f?P ;>Pg and
y 2 Q n f?Q;>Qg

– hx; yi — hx0; y0i iff x » x0 ^ y v y0 for all x; x0 2 P n f?P ;>Pg
and y; y0 2 Q n f?Q;>Qg
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Same definitions if hP; »i and hQ; vi have only one bot-
tom or top.

Example:
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The lexicographic (ordinal) product of posets

Given posets hP1; »1i, . . . , hPn; »ni, the cartesian prod-
uct

P1 ˆ : : :ˆ Pn
def
= fhx1; : : : ; xni j

n̂

i=1

xi 2 Pig

can be made a poset by the lexicographic ordering »n:

hx1; : : : ; xni <
n hy1; : : : ; yni

def
= 9i 2 [1; n] : 8j < i :

xj = yj ^ xi <i yi

hx1; : : : ; xni »
n hy1; : : : ; yni

def
= hx1; : : : ; xni <

n

hy1; : : : ; yni
_
Vn
i=1 xi = yi
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Example:
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Pointwise ordering of maps on posets

Let f; g 2 D 7! P be maps on the poset hP; »i. The
pointwise ordering between such maps is

f _» g
def
= 8x 2 D : f(x) » g(x)

Example:
f 2 N 7! N f(x) = 2x
g 2 N 7! N g(x) = 3x

We have f _» g since 8x 2 N : f(x) = 2x » 3x = g(x).

If the cartesian product Pn = P ˆ : : :ˆ P| {z }

n times

is seen as a

map of [1; n] 7! P , then the componentwise ordering on
Pn coincide with the pointwise ordering on [1; n] 7! P .
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Cardinal power of posets

Given a set X and a poset hP; »i, the cardinal power
PX is the poset hX 7! P; _»i of maps of X into P for the

pointwise ordering f _» g
def
= 8x 2 X : f(x) » g(x).

Since n = f0; : : : ; n ` 1g, Pn can be isomorphically
viewed as:

– The cardinal product fhx0; : : : ; xni j
Vn`1
i=1 xi 2 Pg

– The set of maps n 7! P
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Example:
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Ordinal/cardinal sum/product/power of
posets/cpos/lattices/complete lattices

Let hP; »i and hQ; vi be posets. If hP; »i and hQ; vi are re-
spectively

– posets

– cpos

– lattices

– complete lattices

then

– the ordinal sum P ˘Q

– the smashed ordinal sum P ˘? Q

– the cardinal sum P +Q

– the smashed cardinal sum P +? Q
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– the ordinal product P ˙Q

– the cardinal product QP

is respectively

– a poset

– a cpo

– a lattice

– a complete lattice

Proof. tedious but trivial. ut
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THE END

My MIT web site is http://www.mit.edu/~cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/.
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