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Moore families
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Moore family

Let (P, C) be a poset with top element T. A Moore
family is M C P, such that:

-TeM

- If X € p(M)\ {0} then NMX exists in P and NX € M
or equivalently '

- If X € p(M) then MX exists in P and NX € M

that is M is closed under meet.

1 Since rp =T.
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— Example:

— Counter-example:

X is missing!
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Example of Moore closure

— Let = be an equivalence relation on a set X

— Let us define S C X to be =-saturated iff it is a union
of equivalence classes:

Vzi,z0€ X i (z1 € SNz =121) = (22 € S)

- Let M ={S C X | S is =-saturated}
— M is a Moore family in (p(X), C, 0, X, U, N)

Proor. Assume M = {S,|a € A} C M. Thenz; € (M = 21 € (ycn Sa
= VaecA:z €8, = VacA:(z; € SugNeta =121) = (3 € Sa))
whence (21 € (NpenSaAZ2 =21) = (22 € (penSa)) S0 T1 € (M ATy =14
= &, € (| M proving that (M € M. |
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Moore closure

A Moore closure M is for the particular case of (p(X),
g’ w’ X’ U7 r-]>:

-XeM
—IfY C MthennNY e M

The elements of M are called Moore closed sets or closed
sets or saturated sets, etc..., depending on the mathe-
matical context. A Moore closure is also called Moore
collection, closed system, N-structure, etc.
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Example: convex subsets of a poset

Let (P, <) be a pre-order (< is reflexive and transitive).
Given a,b € P, define

[a,b]dZEf{a:EP|a§:r/\:n§b}

Call S C P to be convex whenever
a,be S = [a,b] C S

Then M = {S C P | S is convex} is a Moore family of
(p(P), S, 0, P, U, N)
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ProoF. — Let S,, @ € A be a family of convex subsets of P ie. Voo € A :
Sq € M.
Ifa,b€(NpenSathenVa e A:a,be SysoVa € A:[a,b] C S, (since S, is
convex) whence [a,b] C (,c4 Sa (def. of glb) proving that (), 5 Sa € M.

= If Ngea Sa is 0, then @ is convex, so in that case (., Sa € M

- If A is empty, (,cg Sa = P which is convex

— M is closed under arbitrary intersections whence is a Moore family
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Note that in general, the lub in the Moore family M is
not the same as the lub in the original poset P:

Lk of
Yo 5k

So in general a Moore family of a complete lattice is not
a complete sublattice of this complete lattice.
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A Moore family in a poset is a complete lattice

THEOREM. Let (P, C, M, U) be a topped poset and M C
P be a Moore family then (M, C) is a complete lattice
(M, C, NM, T). ]
ProoF. Since (P, C) is a poset and M C P, (M, C) is a poset. Being a
Moore family it is topped and any subset S C M has NS € M so M is the
meet in M. It follows that M is a complete lattice, which lub is:

UuS =m{fyeM|vzeS:zCyteM

The infimum is MM € M. O
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Moore family/complete lattice of safety properties

Let X be a set of states and X* be the set of finite or
infinite sequences on Y. A trace property is P C X%,
A safety property is S C X% such that:

VocZ®:(0¢gS) = (Fi>1:0,1¢8) (1)

where 0 /1 = 00...0gin{; |o[}—1 @nd |o] is the length
of 0.

THEOREM. The set Safe( %) of safety properties on
(p(Z%), C, 0, Z%, U, N)

is a Moore family whence a complete lattice. ]

v
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PROOF. — The top element X® is a safety property since both sides of the
implication are false in the definition (1)
— Let P,, a € A be a family of safety properties: Vo € % : (¢ € P,) <
(F>1:0,1¢P,)
Vo €N 0 penPa=Fa:0¢P,= (Fi>1:0,/i¢P,) =
(F>1:0, 1€ Naea Pa)
- Conversely, Vo € 2% : (31 >1:0 /1 & penFPa) = (Fac A:Fi>1:
0,/ 1¢P)= (Fa€cA:0¢P,) = 0 & NaecnPa
It follows that (), » Px is a safety property since Vo € % : (0 € (pen Pa) <=

(Fi>1:0./5¢ Naca Pa).
So Safe(X*®) contains the top and is closed under intersection whence is a
Moore family hence is a complete lattice. a

Note that Safe(Z*®) is not a complete sublattice of (p(Z%), C)
since Vn € N : {a"b} is a safety property whereas (J,,cn{a"b}
= a*b is not (since it is not closed by limits).
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Linear (ordinal) sum of posets

Let (P, <) and (Q, C) be two posets. Their linear (or-

dinal) sum is (P, <) ® (Q, C) £ (P @ Q, <) such that:

def
-PeQ={(0,2)|zcPru{{l,y) |yecQ}
. . def . .
-Gz 2y = (=7=0nz<y)
V(t=0Aj5=1)
Viei=3=1AzLCy)
The linear (ordinal) sum of posets is a poset. Example:

. S 0. H
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P+ (A

Combinations of posets
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Bottom/top lifting
Given the posets (P, <), (L, =) and (T, =)
— bottom lifting P o {L} ® P adds a bottom to P:

@_,_ s l;Ff.ha)

— top lifting P “pg {T} adds a top to P:

(L !.‘fl’lnﬁ)
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Flat ordering

Given a set S, and posets (S, =) and ({ L}, =), Scott’s
flat ordering is S| . For example:

<N')-‘=> W 2::206-.-.
<-L) —> A .L
o4
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Example:
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Smashed linear sum (or smashed ordinal sum)
of posets

Let (P, <, T) and (Q, C, L) be two posets such that
P has a top T and @ has a bottom 1. Their smashed
linear sum (or smashed ordinal sum) is

(P, )@, (Q, C) € (P\{T}, Q)®(Q, )

~ (P )@ (@\{L}, B)

(so that it is obtained from the linear sum (P, C) &
(@, C) by identifying the top T of P with the bottom
1 of Q).
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Disjoint (cardinal) sum of posets

Let (P, <) and (Q, C) be two posets. Their disjoint

(cardinal) sum is (P, <) + (Q, E) o (P+ Q, =) such

that:

~P+QE {{0,2) [z€ PYU{(L, 9} |y € Q)

~2) 2 G YE (i=j=0/z<y)
Vii=7g=1AzCy)

— Intuition:

®+@ = @@
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= Bxample 1: ({1}, =) ® ({0}, =) @ ({({-}, =) + {+}, =))

® ({T}, =) is (up to an isomorphism):

- Example 2: ({0}, =) @ (({1}, =) + ({2}, =)) ® ({{3}, =)
+ ({4}, =) + ({5}, =))is (up to an isomorphism):

3r\. &
- p 23

n:=
I I" Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 21 — (©) P. Cousot, 2005

Intuition:
T Ta T
S NEEERENS
) fER = (¢ Jo
oL /
& s
Lp -LQ -
Example:
-
T T -
1 me
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Smashed disjoint (cardinal) sum of posets

Let (P, <, Lp, Tp) and (@, C, Lp, Tp) be two posets. The
smashed disjoint sum (P, <) +] (@, C) is (P +]| Q, <) where:

def

P+1Q= {0,z |zecP\{Lp,Tp}}

U{1,ylyveQ\{Llg To}}
U{L T}

with ordering < such that:

-1 <1<0,z)<T<Tforallze P\{Lp, Tp}
- 1<y <TfrallyeQ\{lg, Tg}
-(0,z)<(0,z'yif z <2’ and z,z' € P\ {Lp, Tp}
-(Ly<(L,¢)ifyCy and y,v' € Q\{Lg, To}

=
I I" Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 22 — (©) P. Cousot, 2005

More generally, we can write:
— + for the cardinal sum
— +, for the |-smashed cardinal sum
— + " for the T-smashed cardinal sum
— +| for the | and T-smashed cardinal sum

For example:

-
0 4 2
®.L (“.L B W",
020
1]
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The cartesian (cardinal, componentwise)
product of posets

Let (Pi, <1), ..., (Pn, <p) be posets. The cartesian
product

n
def
Py x...x Py, = {(z1, ...,xn>|/\x¢€P7;}
1=1

can be made a poset (P; x ... x Py, <) with the com-
ponentwise ordering:

n
. def
<$17 ---7$n>§<y1, ;yn> é /\ngzyz
1=1
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The componentwise ordering < is sometimes denoted
<y XX <y

If the relations <;, = = 1,...,n are reflexive, sym-
metric, antisymmetric, transitive, a preorder, an equiv-
alence, a directed order or a partial order then so is the
componentwise ordering.
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Examples:
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Smashed cartesian (cardinal, componentwise)
product of posets
Let (P, <) and (Q, C) be posets with infima | p, | and suprema
Tpand Tg.
The smashed cartesian product (P, <) x| (@, ) of (P, <) and
(@, ) is (P x| @, <) such that:
Px1Q% {(zu)|zeP\{Lp,Tp}A
€ 1o, T
LTy ¢ Q\{Llg Tol}
where |, T ¢ PUQ and
-1 <1 <{(z,y) X T <Tforallz € P\ {Lp, Tp} and
yeQ\{Llg To}
-z, y) (2, y)ifz <2’ AyCy foralz,z' € P\{Lp, Tp}
and y,9' € @\ {1g, To}
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Same definitions if (P, <) and (Q, C) have only one bot- Example:
tom or top. '
<be> <b,3>
Example: . | |
: b 4 <ajdd | <a,23 [ <b a3 | <bay LS A | 1
. ‘ T R - <a > La 3>
A e A R ZaRnaRE :
< <a,4>
i ...

IIIEI- Course 16.399: “Abstract interpretation”, Thursday March 29th, 2005 — 31 — © P. Cousot, 2005
The lexicographic (ordinal) product of posets Pointwise ordering of maps on posets
Given posets (P, <1), ..., (Pn, <p), the cartesian prod- )
uct
def
P1>< XPn—{(Q:]_,..

|/\:rz€P}

=1
can be made a poset by the 1ex1cograph1c ordering <":
(1, ...y zp) <

def
<y1: 7yn> é

Hell,n]:Vi<e:
Tj=Y; NTy<i Y

def

<y11 RIS | yn> - <$17 .

(1, ..., Tn)

oy Zp) <™
<y11 A yn>
Vv /\'L 1$'L
i
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Let f,g € D — P be maps on the poset (P, <). The
pointwise ordering between such maps is
def

f<g=VzeD:f(z)<g(z)

feN-N f(z)
geEN—Ng(z) =

Example:

2z
3z

We have f < g since Vz € N: f(z) = 2z < 3z = g(z)

If the cartesian product P" = P x

X P is seen as a
—
n times
map of [1,n] — P, then the componentwise ordering on

P™ coincide with the pointwise ordering on [1,n| — P

1
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Cardinal power of posets

Given a set X and a poset (P, <), the cardinal power
PX is the poset (X — P, <) of maps of X into P for the
pointwise ordering f < g vz ex: f(z) < g(=).

Since n = {0,...,n — 1}, P™ can be isomorphically
viewed as:
— The cardinal product {(z, ..., zn) | A*- z; € P}
— The set of maps n+— P
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Ordinal/cardinal sum/product/power of
posets/cpos/lattices/complete lattices

Let (P, <) and (Q, C) be posets. If (P, <) and (Q, C) are re-
spectively

— posets

— Cpos

— lattices

— complete lattices

then

— the ordinal sum P& Q

— the smashed ordinal sum P&® | Q
— the cardinal sum P + Q

— the smashed cardinal sum P+ @
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Example:

N
{ERERS 1SN (P

. (X—bP}%) = 4
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— the ordinal product P ® @
— the cardinal product QP
is respectively

— a poset

— acpo

— a lattice

— a complete lattice

PROOF. tedious but trivial. a
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THE END

My MIT web site is http://www.mit.edu/~cousot/
The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/.
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