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The image of a complete lattice by a complete
join preserving map is a complete lattice

THEOREM. Let (L, C, L, T, L, ) be a complete lattice,

(M, <) be a poset and f € L +— M which preserves

existing lubs. Then F(I) &t {f(z) | z € L} is a complete

lattice (so M is a complete lattice when f is surjective).
|

ProoF. — Any subset X of f(7.] is the image by f of some subset X' of L:
def

f(X) =X where X' = {x € L | f(x) € X}. LX' exists in the complete
lattice L so (LX) = V f(X") where V f(X") is the lub of f(X') in M,
which exists since f preserves existing lubs.
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- It followsthat Ve e X' 1y e X : flyl=zand z = f(y) < V f(X') by def.
of lubs in M sa vz € X' . x < \/ X praving that \/ X is an upper bound
of X in M. But VX =V f(X') = F(LX') belongs to f(L) so YV X iz an
upper bound aof X in f(L).

— Let z be any other upper bound of X in f(L). Let 2/ € L: f(z') = z. We
have vz e X rx<zsoVa' e X' : fl2) < flz)so V f(X) < f(&)in M
because V f(X') is the lub of f( X in M. But V f(X')= F(LX) € F(L)
soV FX)<f()in f(L)thatisvze f(L): Ve e Xz <z—= VX <z
sa X is the lub of X in f(L).

— By definition {f(L), <, v} is a complete lattice.
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Image of a complete lattice by a Galois connection

THEOREM. Let (L, C, L, T, L, ) be a complete lattice,
(P, <) be a poset and (L, C}) %. (P, <) be a Galois
connection. Then (a(L), <, a( L), a(T), AX  a(Ly(X)),

- Given X C L), X is the image of X' C L : o(X') = X. We have
shown that \V X = o(_ X’). Since o preserves existsing lubs, o X') =
Vi(a(X)) = Va7 alX) = al (7 - (X)) = a(_ (X)) proving that
VX = (L ~(X)).

- v & X []9(X) =[lycx (=) C v(x) so that by monotony e[ |, ¥(2)) <
o« y(z)] < z since & © v is reductive. It follows that ([ ]y(X)) iz a lower
bound of X.

AX . Oc([—’)’(X))} 18 a complete lattice. | — Let y be anather lower bound of X: ¥z € X : 9y C z. By monotony, y(y) C
_ _ o _ 7(z) so v(y) C [Neex v(x) = [79(X) by def. of glb. Soy C o[7(X)) by
Proofk. — In a (Galois connection o preserves existing lubs, so {e(L), <lisa def. af Galois connections. It follows that a(m (X)) iz the glb of X.
camplete lattice. O
- We have ¥y € P: _ C y(z) s0 a(_) < z proving that o(_) is the infimum
of P and of e(L).
-vrelL:xz <7 soal®) <o) by monotony, proving that (™) is the
supremum of o(L).
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The image of a complete lattice by a closure Example:
operator is a complete lattice
THEOREM. Let L be an upper closure operator an a com-
plete lattice (L, C, L, T, L, ). Then {p(L), C, p(L),
T, AX . p(LX), ) is a complete lattice. u
_ Reference
[1] M. Ward, The Clesure Gperaters of a Lattice, Annals of Mathematics 43 (164Z), 161-168.
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ProoF. We have shawn that {F, <} = {p(F), < and so we have a cam-

plete lattice (p(L), C, p(—), p(7), AX - p(LX]), AX - p(" X);

— Since p is extensive, we have 7 C a(7 ) and by def. of top p(T) C ™ so by
antisymmetry g(" ) =" .

— For all X C p(L) there exists an X' C L such that p(X') = X =0 p(r X)
= p(Mp(X'N) C rp(p(X)) =rp(X") =X by monotony, idempatence and
p(X') = X. Moreaver T X C p(rX) by extensivity. By antisymmetry, we
canclude that p(r X) =rX.

— We conclude that {p(L), C, p(—), 7, AX - p(LX), I} is a complete lattice.
C
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Closure operator induced by a Moore family

THEOREM. Let (L, C, 1, T, L, M} be a complete lattice
and M C L be a Moore family of . (ie. YX C M :
[1X € M). The operator p € L — L defined by

def
ple) = [ fye M|z Cy}
is a closure operator on L such that p(L) = M |

PraoF.

~-If:rzCythenyCz=—=zcCzso{zeM|yLz}C{zec M|zl z}
hence [{ze M |z C 2z} C[{z € M|y C z} that is p(x) C p(y), praving
A to be monotone.

- Wehavevze {ye M |zCy}t:zCzsoxC[|{y € M| xC y} hence
x C p(x), proving that p is extensive.
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— ifz € Lthen p(x) =[{y € M | =z C y} € M since M iz a Moore family. So
plo(z)) = [y € M| p(z) C y} C p(z) since p(z) € {y € M | p(z) C ¢}
by reflexivity. Moreaver  C a(z) so g(z) C p(p(z)) by monctony. By
antisymmetry, p(x) = p(p(z]))], proving g ta be idempatent.

— By definition of a Moore family p(z) € M so p(L) C M. Now if £ € M
then p(z) = z so ¢ € p(L), proving p(L) = M.

C
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The least closure operator greater than or equal
to a monotone operator on a complete lattice

THEOREM. Let f be an operator on a complete lattice
(L, C, 1, T, L, ). Then uclo( f) 'z [Hye L |z C
y A f(y) C v} is the C-least closure operator on I, which
is C-greater than or equal to f. |

ProofF. - ¥Vzc{y|zCyArfly)Cy}, wehavezr Czsox C[{ycL|zC
y A f(y) Ty} = uclo(f)(z) 50 uclo(f) iz extensive.

—lfzCthen (2 CyAnf@)Cy)l= (zCyAFly) Cy)so{y|
yAfW Cyd C{y 2 Cyh fly) Ty} whence udo(f)(z) = [Hy | «

yAF(MCy} [y | 2 CyA fily) C y} = uclo( £)(z') proving that uclo{ f)
18 monatanic.

— uclo( £)(z) C uclo(f)(uclo(f)(z)) since uclo{f) is extensive and monotone.

L
c
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- Iffy)Cythenye{z|y<zAaflz)Cz}soucdo(flly)=[KzeL|zC
zAfz)Ez2} Ty So(zCEyAfly) Ey) = (2 C yAuco(f)(y) C y)
hence {y € L |z CyAfly) Tyl C{y € L |z T yAuco(f)(y) C y} so
uclo(f){uclo(£)(&)) = [y € L | = C v Auco(f)(#) C¥} C [y € L | & C
y /A fly) C vt = uclo(f)(y)

— By antisymmetry, uclo(f)(uclo(f)(z)) = uclo(f)(z) proving idempotence.
— Let p be a closure operatar on L such that vz € L = f(zx) C o(z). We

have Ve € L : z C p(x) and f(a(z)) C a(p(z)) = p(x) proving uclo(f)(z)
ClHyelZ|zCyA fy) Cy} C p(z) whence that uclo(f) is the C-least
closure operatar on L which is C-greater than or equal ta f.

C
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A closure operator on monotonic functions

THEOREM. Let (L, E J_ T, L, ™} be a complete lattice.

The operator uclo(f) T [ Ky € L \ zC y/\f(y) C y}
is an upper closure operator in (L —+ I, C, |, T L,
) (but in general not on L+ L). u

ProofF. — We have shown that uclo is monotone on L — L whence it iz on
the subset I v L since for all f, uclo(f) is monotane.

— We have shown that if p is a closure operator such that f T g then qclo(f] C
g sa that in particular for f = p = uclo(g) we get uclo(uclo(g)])] T uclo(g)
since uclo(g) is a closure aperatar.

— Natice that uclo(f) may not be extensive on L — L as shown by the follow-
ing counter example:

I
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— However if f € L+ L is monotone, we have ¥z € L: (z C ¢ A flg) C )
— (f(y) Ey)so fle) CIHy € L | = CyA f(y) C g} = uclo(f)(z) proving
vfec L2 L: f T uclo(f)

— By monatony, uclo(g) C uclo{uclo(g)) since uclo(g) is an upper closure aper-
ator whence monatane, sa uclo(g)] = uclo(uclo(g]] by antisymmetry, proving
the idempotence of uclo.

C
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The complete lattice of closure operators
on a complete lattice

THEOREM. Let (L, C, L, T, L, "} be a complete lattice.
The set of upper closure operators on I 1s a complete
lattice (uclo(L — L), T, Az.z, T, AX .uclo(LLX), I} =

_ Reference

[2] M. Ward, The Clesure Cperaters of a Lattice, Annalz of Mathematics 43 {164Z), 161166,

I I" Ceurse 16.35G: “Abstract interpretation”, Thuesday April Sth) zree — 1E — o F. Couset, 200%




Praafr. — Let C; be the set of all closure operators on L. We have Cp C
(L V=5 L) since closure operators are monatonic. We let uclo = Af . Az [y e
LizCya fly) C y} as before.

— We have shawn that uclo(Z —— L) C CY since uclo(f) is an upper closure
aperator whenever f is monotonic.

— Conversely, if g € O, uclo(g] is the least upper closure aperator pointwise
greater than or equal ta g, that is p itself. So € C uclo(L > L).

— By antisymmetry, Cr = uclo(% /= L).

~ Since (L Vs L, C, _, 7, L, I} is a complete lattice, its image Cy =
uclo(L % L) by the closure aperatar uclo is also a complete lattice (Cy, C,
uclo(_), 7, AX -uclo(_X), I"}.

— For the infimum, uclo{_), observe that

ulo(_) = Az [y € Ll zCya () C o)

=i [{vel|lzCyr_Cu}

The complete lattice of Galois connections
on a complete lattice

THREOREM. — Let (L, C, |, T, "} be a complete lattice

- Let GC(L) = {{er, 7} | Z(M, <) : (L, C) € (M, <)}

— Let = be the equivalence relation on GC(L) defined by
(a1, mj = {az, v2p iy 2 cq =72 ¢ an.
- (:GC(L)‘Ea EE) [<A$$: 1L>:E: [{)\ST, 1L>:E:

AX [(uclo( || ~yea), 1py—, AX[( [T vea, 1p)2)

{o, yieX (o, ieX
where uclo % Af Az [Hy e L|zCyA fly) Tyl

:Am-ﬂ{yeL\xgy:,\m-m} m
which ig the C-least closure operator.
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Proor. — = ig obviously reflexive, symmetric and fransitive, when an equiv-
alence relation
1
— Qbserve that (L, C} _T (L,Ciand 1y cyca=veaso{ycae, 1} =
{c, 75, Let O be the set of upper closure operators on L. - @ € Cf.
def _ def . . .
Define I7([{c, 74]=) = v e and [T (p) = [{p, 1r})=. Then 7 is a bi‘ection .
between GC(L) and Cy. Since Cy is a complete lattice, GC(L) inherits its The com plete lattice of
structure up to the isomaorphism 77. .
c safety properties
n:- -
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Bifinitary traces

— 2 set of states

g {0,...,n—1} — X finite sequences ¢ of length
lo| = n. The i-th element of ¢ € 2™ is 0() abbreviated
0; 80 0 = 0q01 . ..0n—1 Including the empty sequence
20 E {8

¢ def " .
- I = U =" finite sequences

nelN
" def 7 .
-t = U =n finite nonempty sequences
neN\{0}
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_ 59 ¥ N 5 infinite sequences o of length || = w
where Vi € N: 1 < w

S vea=ib s AU .~

S =i A 5

bifinitary sequences

nonempty bifinitary sequences
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Prefixes of bifinitary traces
The prefix:
0/ 'p
of length p € N of a sequence ¢ € % g

—0=0g...0n 1€ I" finite sequences

-0/0=¢€

-0/ p=00...0p-1 1<p<n

-o/p=os/n=0 p>n
~0=o0q...0p...€ 5% infinite sequences

-0/ 0=¢€

-0/ P=00...0p-1 p>1

—VJEZ&ZV}JENZJ,/}JEZ;;

n:;:
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Prefix clogure

— Prefixes of bifinitary sequences:
PCI(o) & {o/p|pe N} oexn*
— Prefix closure of sets of bifinitary sequences:

PA(X) = | Palo) X € p(Z%)
ocX
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Prefix partial ordering

The order relation “is a prefix of” (o, ¢ € Z%) is

o=¢=

=8 < =g, B=¢ prefix ordering

o=( & = (AT #( strict partial ordering
—o=(¢ e (cerdl)vo=¢en?
—- 0 =< ¢ & Pd(o) CPA(C)
-0 =¢ & PU(o) = PC(()
o€ X & |Plo)| < w
cePd) & (ceZVAZB 0.8=0)
PA(X)={oceZ¥|Z¢eX 0=(}
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Properties of the prefix closure

— For finite sequences, PCl 1s a topological closure oper-
ator on @(Z*) and E(Z7):

PCl € p(Z%) s p(Z%)

PCl € p(Z7) > p(Z7)

- X CPU(X) increasing/extensive
- PA(PC(X)) = PU(X) idempotent
-PA(X LY) =PAX)LPAY)! additive
- PC(B) =0 @-preserving

L Thiz imglies X C Y = FC(X) < FO(Y).
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— For bifinitary sequences, PCl satisfies:
- POl E p(5%) v p( %)

PCl € (%) o p(57F)

X ¢ PC(X), when X~ 5% £ @

- PA(PO(X)) = PU(X) idempotent
-PAX LY) =PUX)LPUA(Y)? additive
-PO@) =0 @-preserving

2 This implies X © ¥ = FO(X) < FO(Y).

n:;:
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Galois connection between sets of finite
traces and their prefix closure

(p(Z7), C) & (PA(p(Z7)), C)

ECl
=z 1 =z
(0(57), C) ——= (FA(e(27)), ©)
FProor. - FOUXICY
=XCY [FCl is extensive|
= X C1{(Y) [1 is identity]

= FO(X) C RA(Y) [1 is identity and F{l is monotonic]
= PCO(X) C PA(PCI(Z)) [since Y € Fl(p(Z)) sa =2 C 2 : Y = PC(Z)]

= FU(X) C FA(Z) [since FCl is idempotent|

= FUX)CY [since ¥V = FI(Z)]
C
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Limits of chains of traces

— Let g = a1 < ... < an < ...be a <-Increasing chain;

- If the chain 1s finite or stationnary at rank £, its limit
18 lirxln Oy = Oy,

- Else, the chain is infinite, always eventually strictly

increasing, in which case its limit is lim o, = X € £%

Limits of sets of bifinitary traces

— If L. C &% then:
limch{liénan\agjalj...jan—<...CL}

— Lir is a topological closure operator on g Z%).

ncl Progr. - X Clim X extensive
such that: - limX LY =limXLlimY additive
(since any infinite sequence in @¢ < @ < ... < @, < ... 8 X LY
) has infinitely many elements hence its limits in X else has finitely many

vneN: As/‘aﬂ-‘ elements in X and infinitely many elements hence its limits in Y.)
-limlimX = lIimX idempatent
— The limit exists and 1s unique; - im0 =0 0-strict
C
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(Galois connection hetween sets of blﬁnltary — Reciprocally, if X € ImY then FO(X) € FO(limY) and we must show

traces and their prefix closure

(p(Z%), C;"p—TMPG(p(Z’J’)) <) (1)

Praor. - FOXICY
={oel |HXeX:0=({}CY
=V cX WeX: (=)= (c€Y)
= XC{¢|¥YoecX (6= =(ccY)}
-l e,{=<{solcY hence { € limY,
- If ¢ € 32, we have FCI(¢) C Y whence im FC(¢) = ¢ € limY;
— X ClimY.

n:;:
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that FCI(im Y] C Y,

- limY containg Y plus infinite traces A;
- We must show that FC(A) C Y

- Otherwizge let ¢ a prefix of A not in Y

- A =lima, with ¢ = @1 < ... < @p.... Let n be miniimal such that
T
lon| = |o|. We have ¢ = o, 0, € Y and Y € Fll(p(X ))sooc €Y, a
contradiction.
C
I I" Ceurse 16.35G: “Abstract interpretation”, Thuesday April Sth) zree — 3z — o F. Couset, 200%




Closure by prefix and limits

Lin = PCl 1s a topological closure operator. (2)

Praof. — Lir and F(l are both topological closure operators so that it re-
maing ta prave that:

Lim « FCl ¢ Linr <« FCl = Lirr <« ECl

Closure by prefix and limits

Li 1s idempotent so that Lin ¢ PCl 18 limit closed:
Li & PCI(P) = Linr < Lin < PCI(P) (4)

as well as prefix closed:

which follaws from (1) which mplies Lim < FCl « Lime = Lirr- Lim & PCI(P) = PCl e Lin ¢ PC(P) (5)
C
def . . . Proor. — Lir = FO(P) C Fd « Lirr = FCI(P) since FCl ig a closure operator
Corollary (1 = Az .z is the identity): hence extensive;
. 1 . — The inverse FCl < Lir < FCI(P) C Linr = FCI(P) follows from the remark that
<SJ(Z’OC), g} <— {Lin p(](gg(zoc))’ g) (3) limits of prefix-closed sets cannot introduce new prefixes.
LinrcFCl C
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Definition of Safety Characterization of safety properties
— 8 C =% is a safety property if and only if [3]: Safety properties S can be disproved by locking only at
some finite partial program behavior:
Safe(S) = 5° = . i
VoeZ%: (c¢g8) = (=i>1:0,1¢5)
where:
def |
Safe = Lim ¢ P (6) Proar. Lim < FCI(S) = §
— Lir-FAS C 5
 Reference e {oe X |vizl:a/1cFIS)}CS
[3] B. Algern & F.B. Schneider. = {peX¥|w=1:28¢ o i8¢ SYCs
Lefining Liverness. Informaticn Frocessing Letters 21 {1685) 181188, . i
= Yo e XNF:(Wiz1:2€ o iFES) = (g €5
3 Gtherwise stated 5 is closed in the tepclegy indaced by the tepclegical clozure cperater Lin o FC which . . . .
fixpeints ate the clesed cets. = Yg e X% (O’ & S] —— (:1. =1 Vﬁ <5 Il T 1 ﬁ & S]
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= YoeX*: (0¢8) = (Ci>1:¥feX  0,/1.0¢5)
since if =4 > 1:v@ € X% : g1« & 5 then in particular for
B=c/nwehavec = o, 1.0, n¢&35.
= VoeX¥:(c¢g8) — (Zi>l:0,1¢ 85"
since VA€ 2% 1o,/ 1. 0¢85 = o,/i¢ 8
= choose § =¢€

<= 5 iz a safety property so FCI(S) = 5 hence (0,74 « § €
Sl=(o/ie8)sa (o 1¢5) = (c,/i.8& 5]

1 This cerresgends to the usual explanaticn cf safety: if a “kad thing” dces cceur (ie. o ¢ 5) then this
cam ke reccgmized in Soite time. Ctherwise stated, there iz a Snite chaervaticn where scmething wdesired
happened which iz irremediable; hecawze it cannct ke fxed in the future nc matter hew it 1z extended.
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The complete lattice of safety properties

sfe( P) is the least safety property including P C Z%;
7)

Sefe((Z)) %, C, 8, £, AS . Lin(LS), ) is a complete
lattice;

(
(

— Sefe is a topological closure operator (2) but not a com-
plete join morphism.

Proof. — By (6) and (3), Ssfe is an upper-closure operator so that Ssfe(P)
iz the least soundness property including P C 3™ since P C Y = Szfe(Y)
implies Safe(P) C Sate(Y) =Y
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— By Ward thearem, {Safe(32%),, C, Safe(@), 2%, AS . S=fe(LS), ) is a com-
plete lattice with Safe(@) = 6 and Safe(l_,; S5

= Lir = PI(L; 82)
= Lim (L, PCI(S)) by (1)

= Limr(l_,; PCl = Lir = FCLS;)
since §; € Safe(e(37™)) sa Lirr < FCIS; = 5;

= Lirr (|, Lirr = FCLS;) by (5)
= Lirr(; Si) since S; € Safe(p(Z%)).

— To show that Szfe i not a complete [oin morphism, consider X, = {a}".
We have |, Sefe(Xn) = Lpen Xn = {a} whereas Sefe((L,.n X») =

Sefe({e} ) = {a}™.

C
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THE END

My MIT wek site is http://www.mit.edu/ " ccusct/

The ccurse wekb: site is htip://web.mit edu/afs/athena mit.edufcourse/16/16.399/www/.
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