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Fixpoint iteration
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__ Reference

[1] A. Tarski. “A lattice-theoretical fixpoint theorem and its applications”. Pacific J. of Math., 5:285-310, 1955.
[2] S.C. Kleene. Introduction to Metamathematics. D. Van Nostrand, New York, 1952.
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Transfinite iteration on a poset

Let f € L — L be an operator on a poset (L, C, U, M). The
upward iterates of f from a € L are

ff=a

= (19, successor ordinal

fA = |_|,3<>\ fﬁ, limit ordinal
The downward iterates of f from a € L are

f=a

L= £(£9), successor ordinal

f)‘ = |—|[3<>\ fﬁ, limit ordinal

Partially defined on a poset. Well-defined on a cpo/complete lattice. Well-
defined up to w on an w-cpo. The iterates “up to €’ consider only the above
definitions for ordinals less than or equal to € € Q.
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Finitary iteration theorem
for monotone functions

THEOREM. Let f € L — L be a monotone operator
on the poset (L, C, U, M). If a € prefp(f), the upward
iterates (X9, § < w) do exist up to w and X¥ € fp(f)
then (X9, § < w) is an increasing chain and X¥ = Ifp_ f.
|

PROOF. — a € prefp f do a C f(a) whence X° C X!. Assume X" ! C X" by
monotony X" = f(X" ') C f(X™) = X! proving that (X", n < w) is an

increasing chain whence so is (X", n < w) by def. of the lub X = |, _ X",
which exists by hypothesis.

- If X¥ € fp(f) then a = X° C X“ so X¥ is a fixpoint of f greater than or
equal to a
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Examples of fixpoint iterations for
monotone and continuous functions
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— Let z be any fixpoint of f greater than or equal to a. We have X° =a C z.
Assume X™ C z then f(X™) C f(z) = ¢ by monotony and fixpoint proving
Vn < w: X" C z so by def. of lubs X¥ =] | _ X" C z.

— We conclude that X = prf f

n<w
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Examples of Fixpoints
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Kleene fixpoint iteration theorem
for continuous functions

THEOREM. Let f € L — L be an upper-continuous op-
erator on a cpo (L, T, L), a € prefp(f) and (X9, § < w)

Application to the iterative fixpoint definition
of the strict /reflexive transitive closure of a
binary relation

—Let r C S x S be a relation on a set S. We have

. C defined
be the iterates of f from a. Then X% =Ifp_ f. |
+ def n + def n
PrOOF. — Since (X%, § < w) is an increasing chain, X = | |;_, X° does exists r = U r and r" = U T
in a cpo. n>0 n>1
— We have: .
£ — We have shown the existence of
_ ) w * def + def
= f([]x%) (def. X*§ " ZEpAX.1gUXor and ' ZpAX.ro(1gUX)
o<w
= x4 continuit . . *
leljf( ) ¢ 5 — it remains to show that r* = r"* and 7+ = /T
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= |_| X9 {def. iterates§ Proor. — We let f(X)=1sUX or.
0<d<w X°= 0
= al |_| X9 {since V6 <w :a C X°§ L o
0<d<w X = 1SU®07’215:7’
= |_| X?° {def. iterates with X° = af X" = U r* {induction hypthesis§
0<d<w k<n
= XV {def. X“§ Xl = 1SU(U rF)or
k<n
C = rouU U (rFor)
— We conclude by the previous theorem that X“ = Ifp_ f. Pt
O — U U (,r.k+l)
k<n )
= u () U=k+1§
1<5<n
= U @)
0<j<n
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proving, by recurrence ¥n > 0: X" = J,_, rk.

TH
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= XY = UnsoUsen rt = Unsor™ = 1"
= XY= Upso™ = 10U Uy 7" = 70U U™ = Ls UUso(r" o 7) = 15U
(Uiso™™) o m = f(X¥) proving X* to be a fixpoint of f

— We conclude by the previous theorem that X“ = prj f=Ipf.
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ProoF. Let (X? & < w) be the iterates for f from a. Obviously X° =a € P

by (1). If X" € P then X™"! = f(X™) € P by (2) and X* € P by (3). By

upper-continuity of f, X¥ = prf f so prf feP. ad

P can be thought of as a property of the elements of
C

L and the proof that Ifp, f has property P consists in

showing that all iterates for f from a have this property.

This is sufficient by not necessary (take e.g. P = {prf f}
where a ¢ P).
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Scott fixpoint induction principle

THEOREM. Let f € L —— L be an upper-continuous
operator on a cpo (L, C, L) and a € prefp(f). Let P C
L, then if

l.acP
2.Vze P: f(z)eP
3. For any chain (z;, 7 € N) of elements of P, | |-y z; €
Pl
C
then Ifp, feP. [

La property satisfying property (3) is called “admissible”.
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Lower fixpoint induction principle

THEOREM. Let f € L —— L be an upper-continuous operator on
acpo (L, C, ) and a € prefp(f) and P C L.

PC prf f
— I 5, 0 < w) an C-increasing chain such that:
’Ca (1)
AVR:0<n<w= I"C f(I" ) (2)
ANV (3)
n>0
ANPLCIY (4)
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£\

0
) AR
P pomm e

=
H
Lo
ik

O X XEXE XM%E};

n:=
I I“ Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 17 — (©) P. Cousot, 2005

Knaster-Tarski on cpos

THEOREM. Let f € L —— L be an upper-continuous
operator on a cpo (L, C, L) and a € prefp(f). Then

o, f=[ e € LlaCanf(e)Cal}
|

ProoF. — Let P={z € L |a C z A f(z) C z}. We know that prff does
exist so f (praE = prf f € P by reflexivity.
- Let (X?, 6 < w) be the iterates of f from a (with X* = prf f by continuity
of )
— For any z € P, we have
- X°=aCz
- X" C z by induction hypothesis
ir
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PROOF. — (<, soundness) Let (X, § < w) be the iterates of f from a. By
(1), I°C a = X° Assume I"! C X™! n > 0. By continuity, hence
monotony, and (2), I" C f(I™ 1) C f(X™!) = X™ proving by recurrence
Vz € N: " C X" Since (I°, § <w) is an increasing chain, [, I™ does
exist in a cpo. We have I*C | |, I"C X* = prf f by continuity of f. By
(4), we conclude that P C J¥ C X¥ C prf 7.

- (=, completeness) For the converse, chose (I?, § < w) to be the iterates of
f from a. By definition of the iterates and reflexivity, (1), (2) and (3) hold.

By continuity [¥ = prf f and so P C I¥ holds by hypothesis. Note that
(I% § < w) is an increasing chain since a € prefp(f) and f is monotone.
O

We can relax the condition that (I9, § < w) is an increas-
ing chain provided the lub | |,,~o ™ does exist (e.g. in a
complete lattice).

=
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- X" = f(X™) C f(z) C z since f is monotonic proving Vn < w :
X" C z by recurrence
— We have proved:
1 Ifp feP
2. VzecP:lfp fCe

whence prf f E [P (since for all other lower bounds y of P, we have
Ve P:yCzsoyL prf f proving prf f to be the greatest lower bound.
— Notice that [ ] P is shown to exist despite the fact taht [ ] X may not exist

for an arbitrary subset X C L of a cpo.
O
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Least fixpoints of continuous functionals on

monotone/continuous maps
are monotone/continous
THEOREM. Let (L, C) be a poset and (M, <, V) be a cpo. Let
(L M, <, V) be the cpo of maps of L on M pointwise ordered
by f < qiff Ve € L : f(z) < g(z). Let F € (L — M) —
(L — M) be a continuous operator on (L — M, <, V). Let f €
prefp(F'). Then

L.IffeL+™s Mand F € (L — M)+ (L +— M) then
pr}% F € (L~ M) is monotone

2. If(L,C)isacpo, fE L+— Mand F € (L — M)
(L v~ M) are continuous, then pr]%F € (L — M)is
continuous
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Least fixpoint theorem for monotone
functions on cpos (1)?
THEOREM. Let f in L — L be a monotone operator

on a cpo (L, C, L). The transfinite iterates of f from
a € L are:

ff=a
FOr = £(£9), successor ordinal
A =Ugxr F8, limit ordinal

If a € prefp(f) then the transfinite iterates of f form

an increasing chain which is ultimately stationary and
C

which limit is ifp_ f. |

2 Tarski's complete lattice hypothesis can be weakened to a cpo. in his least fixpoint theorem. We provide
two proofs, one using ordinals and chains, the other using directed sets in cpo’s (to avoid ordinals).

THS
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ProoF. Let (F%, § € w) be the iterates of F' from f. Since F is a continuous
operator on a cpo (L — M, <, V), F“ exists and is prf F. F% = f is mono-
tonic/continuous. If F™ is monotonic/continuous then so is F**! = F(F™) by
Fe (L™ M) &S (L2 M)/F € (L~ M)+~ (L~ M). The lub

FY = \/ F" exist and is monotonic/continuous whence proving 1./2. O
n>0

=
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Proor. — We have f'=a C f(a) = f!

— Assume by transfinite induction that V¢ < &, we have VB < 6 : fP C £
We must prove that V3 < §: ff C f°.

- If § = A+1 is a successor ordinal, then V3 < X : f# C f* so by monotony,
Pr=fP)YC ) =" soV:1<B<A+1=6:fCf In
particular f'C fiso fo=aC f(a)= f(1) C fisoVB <6 fALC f°.

- If 6 is a limit ordinal then the iterates (f?, 8 < §) form an increasing
chain which has a limit f% = Lss f# in the cpo (L, C, L) proving that
f° exists. By def. of lubs we have f# C f for all 8 < 4.

- By transfinite induction {f?, 8 < Q) is an increasing chain of elements of
the set L.

— Let o be the least ordinal which cardinality is equal to that of L: |a| =
|L|. We have f**! which is one of the elements of (f?, B8 < a). Let € be
the smallest rank of such an element. We have f¢ C ft! C fo*! since
e <a+1and fotl = f€so f¢ = fet! = fo+l. It follows that by definition
of fet! = f(f€) that f¢is a fixpoint of f.

TH
I I“ Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 24 — <) P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

— Observe that after rank ¢, the chain is stationary, that is V6 > e : f0 = f<.
- This holds for § = ¢
- If ff = f€ then f91 = f(f%) = f(f°) = f¢
- If § is a limit ordinal then f% = Lg<s f? = Lpc f° = f€ since fP < f€ for
al g <e
- By transfinite induction, V§ > € : f0 = f¢.
— Let z be any fixpoint of f greater than or equal to a. We have:
- f=aCz=f(z)
- Assume, by induction hypothesis, that f8 C z for all 8 < §
- If § = £ + 1 is a successor ordinal then f& = ¢t = F(f¢) = f(f°) C
f(z) = = by monotony and induction hypothesis
. If § is a limit ordinal then V3 < 6 : f# C z by induction hypothesis do
fo = Up.s f° C z by def. of lubs
- By transfinite induction, V6 € O : f C z so in particular f¢ C z.
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Limit of the iterates [3]

THEOREM. — Let (L, C, 1, LU) be acpoand p € L —
L be a monotonic map on L;

— Define p as mapping a prefixpoint X of ¢ to the limit
of the iterates of ¢ starting from X

— p is a closure operator.
|
ProOOF. — We let p(X) = ¢ where ¢° = X and ¢ is the order of ¢ for X.

Since the iterates form an incresing chain, X = ¢° C ¢° = p(X) so that p
is extensive;

n=
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— In conclusion a C f¢ = f(f€) and Va C z = f(z) = f¢ C z proving that

fe=1fp_ f.
O

Reference

[3] P. Cousot and R. Cousot. Constructive versions of Tarski’s fixed point theorems. Pacific Journal of
Mathematics, Vol. 82, No. 1, 1979, pp. 43-57.
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—Assume X C Y, X C o(X), Y C o(Y). Let p% and ¢, « € O be the
respective iterates starting respectively from X and Y.
- Wehave % = X C Y = ¢%;
- Assume ¢ C ¢}, A < &:
- If K is a successor ordinal, K = 5+ 1 and <p/)3( C <p€. We have ¢% =
©(¥%) C (¢5) = ¢f by monotony;
- If K is a limit ordinal, ¢% = |_| (pﬂ( C |_| <p§} = ¢ by def. of lubs;

A<k A<k
We conclude ¢% C ¢F.
- Let € (resp. €') be the order of ¢ for X (resp. Y). p(X) = ¢% = (pl)?ax(e’el)
C ‘P?a}((e’é) _ (,0; _ p(X)

We conclude that p is monotonic.

- If X C p(X) then p(X) = ¢5% is a fixpoint of ;

— The iterates of ¢ starting from a fixpoint X of ¢ are stationnary and equal
to X, so p(X)= X,

— It follows that p is idempotent.

0
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Ward theorem (on the image of a complete
lattice by a closure operator), reminder

THEOREM. The image p(L) = {p(z) | z € L} of a com-
plete lattice
<L7 E) J" —|—7 |_|’ |_|>

by a closure operator p is a complete lattice

(p(L), C, p(L), T, AS-p(LS), M) (1)

__ Reference

[4] M. Ward. The closure operators of a lattice. Annals Math., 43(1942), see page 193.
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- [ o(=:) C p(z)) def. glb
ic
- p(|_| p(z:)) C p(p(z;)) C p(z;) monotony & idempotence
€A
- o[ ]e(e)) C [ ] o(z:) def. glb
€A 1€A
We conclude p(|_| o(z;)) = |—| o(z;) by antisymetry.

icA icA
Let p(z;), © € A be a subset of p(L).
- |—| p(z;) is the glb of the p(z;), i € A in (L, C);

€A
- [ 1) € p(L);
€A
- So |_| p(z;) is the glb of the p(z;), i € A in (p(L), C).
€A
O
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PROOF. — Vz € L: L C z so that p(L) C p(z) proving that p(L) is the
infimum of p(L);

— TLC p(T)C T sothat p(T) = T proving that T is the supremum of p(L);
— Let p(z;), ¢ € A be a subset of p(L).
- We have Vj € A: z; C |_| z; C |_| p(z;) whence p(z;) C p(|_| p(zy));

ica €A icA

- Let p(y) be another upper-bound of the p(z;), ¢ € A. We have u o(z;)
ic

C p(y) whence p(|_| p(2:)) E p(p(y)) = p(y); 1t follows that p(| | p(:))
€A

€A
is the lub of the p(z;), 1 € A4;
- (p(L), C) is a complete lattice. It remains to characterize the glb;
— We first characterize |_| p(z;) where p(z;), 1 € A be a subset of p(L):
€A

- et C o[ o) p extensive

€A €A

=
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Constructive version of Tarski’s fixpoint theorem
for monotone operators on complete lattices [3]

THEOREM. The set of fixpoints of a monotonic map ¢ €
L + L on a complete lattice (L, C, L, T, L, M) is a
complete lattice. ]

ProoF. — The map AX - X U ¢(X) is monotonic and extensive;

— Let p' be the upper-closure operator which associates the limits of the
iterates of AX . X U ¢(X) to any X € L;

— By Ward’s theorem, the image of (L, C, 1, T, U, M) by p' is a complete
lattice (p'(L), C, p'(L), T, AS-p'(US), );

TH
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— The elements of p'(L) are fixpoints of AX - X LI ¢(X) whence postfixpoints
of ¢ (since X = X Uop(X) iff p(X) C X);

— Let p' be the lower-closure operator which associates the limits of the iter-
ates of ¢ to any postfixpoint X € p'(L);

— By the dual of Ward’s theorem, the image of:
(p'(L), &, p'(L), T, AS-p'(US), M)
by p' is a complete lattice:
(p"(p'(L)), E, P'(L), p'(T), AS-p'(US), AS-p*(NS))

— The elements of p'(p'(L)) are fixpoints of ¢;
- Any fixpoint X of ¢ satisfies p*(p'(X)) = X so that X € p*(p'(L));
— Hence the set p*(p'(L)) of fixpoints of ¢ is a complete lattice for C;
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Least fixpoint theorem on cpos®

LEMMA. Let f € L v L be a monotone and extensive
operator on a cpo (L, C, L) and a € prefp(f). Then

C :
Ifp, f does exist. ]

Proor. — Let L, be the smallest subset of L such that:
-a€l,
- if z € L, then f(z) € L,
- if C is a chain of elements of L,, then | |C is in L,

3 The second proof of existence is due to Dito Pataria (“A constructive proof of Tarski’s fixed-point theorem

for dcpo’s”. Presented in the 65th Peripatetic Seminar on Sheaves and Logic, in Aarhus, Denmark, November
1997.) and is reported by Martin Escardé (in “Joins in the frame of nuclei”, Applied Categorical Structures,
Vol. 11, Issue 2, pp. 117-124.
The proof starts with a lemma using the definition of cpo’s based on directed sets (any directed set of the
poset has a lub in this poset) which is provably equivalent to the definition based on increasing chains (any
increasing chain of the poset has a lub in this poset), using the axiom of choice. However, the ordinals are
not needed in this second proof.
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Graphical illustration of the intuition behind the proof

of the constructive version of Tarski’s fixpoint theorem
i

\

ZeHC 2z

pl(Y) = limit of the iterates of
AX-XUp(X)fromY € L
pl(}"} = limit of the iterates of ¢ from
Z € L such that o(Z2) C Z

=
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To prove that L, does exists, consider:
&(X) € {a}u{f(z)|z e X} U{UC’ | C C X A Cis a directed subset of L}

— Then & € p(L) — p(L) is well-defined since (L, C, LJ) is a cpo so | |C
exists for all directed subset C C X of L.

— Moreover X C Y implies $(X) C &(Y) so & € p(L) — p(L) and so by
Kanster-Tarski fixpoint theorem, L, = pri @ does exist.

— Observe that (L,, C, L) is a cpo since, by definition, for all directed subsets
D of L,, whence of L, | | D exists in L and belongs to L,. So | |D is the
lub of D in L,.

— Let (Lg ™% Ly, C, L1) be the set of all monotone and extensive operators
on L, for the pointwise ordering g C h iff Vz € L, : g(z) C h(z).

— Az € L, -z is the infimum of L, — L, since it is monotone and extensive
and Vg € L, > Ly : 2 C g(z) sodz € L,.zCg.
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- If DC L, ™ L, is a directed subset of elements of L, —» L, and z € L.
The set {g(z) | g € D} is a directed set in the cpo (L, C, L), because
given h(z) and g(z), h,g € D, we have an C-upper bound of » and g in
D, say k,so k € D, hC k and g C k whence h(z) C k(z) and g(z) C k(z)
and k(z) € {g(z) | g € D} proving that {g(z) | g € D} is a directed
set in L, v L, Therefore it has a lub in the cpo (L, — L, T, L)

Define T'(z) = [{g(z) | ¢ € D} . We observe that z C y implies
Vg € D : g(z) T g(y) so T(z) = [g(z) | g € D} C [Ha(y) | g €
D} = T(y) proving that T' is monotone. Moreover Vz € L,, a C z C g(z)
soa C z C [{g(z) | ¢ € D} = T(z) proving that T € L, = L,.
It follows that T is the lub of the directed set D in L, —> L, proving
(Lo ¥ Lg, C, 1) to be a cpo.

- If g,h € Ly =% L,, we have Vz € L : z € h(z) so g(z) C g(h(z)) whence
g C g o h. Moreover, h(z) C g(h(z)) since g is extensive so h L g o h.
Moreover, if a C z then a C g o h(z) proving that g o h € L, *s L,. It
follows that if g, h € L, > L, then g o h € Ly — L, is a C-upper bound
of g and h. So L, —» L, is a directed subset of L, — L,. In the cpo
(Lq s Ly, T, L), it has a lub say T € L = L.

1z
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— This implies that $(X) C Y so by Knaster-Tarski’s fixpoint theorem L, =
Ifp, & = ({Zif (Z) CZ} C Y.

— We have seen that given any z € L,, we have T'(z) € L, which is a fixpoint
of f greater than or equal to a. Since L, C Y, we have T(z) € Y so that
by definition T'(z) C y and therefore T'(z) is the least fixpoint prf fof f

greater than or equal to a.
0

Example:

j)

Lo = LL

\\.\
i
<
-

[

THS
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— Let f, be the restriction f|zerjarsy of f to L,. Since T' € L =5 L, we
have f, o T' which is monotone as the composition of monotone maps and
extensive since ¢ C T'(z) so z C f,(z) C f, o T'(z) since f, is extensive and
T is monotone. So f, o T €€ L v L is in the directed set L — L and
consequently, it is C-less than to its lub T rpoving that f, o T C T.
— We have T C f, o T since f, is extensive, so that by antisymmetry, T' =
fa oT.
— Given any z € L,, we have T'(z) = f, > T(z) so Vz € L : T(z) is a fixpoint
of f, whence a fixpoint of f greater than or equal to a.
— Let y be any fixpoint of f and Y ={z € L | a C 2z C y}. We have:
-acY
-ifzeYthenaC 2LC ysoa L fla) T f(z) C f(y) = y whence
a C f(a) C y proving that f(y) €Y.

- If C is a directed set of elements of Y, we have Vz € C : z C y so | |C,
which exists in L, satisfies | |C C y so | |C is also the lub in ¥ and
CeY.

-
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Least fixpoint theorem for monotone

functions on cpos (2)
THEOREM. Let f € L — L be a monotone operator
C
on a cpo (L, C, U) and a € prefp(f). Then Ifp_ f does
exist. |
ProoF. — Let E = {z € L | a T z C f(z)}. Then f € E — E (since
z € E implies ¢ C f(z) so a C z C f(z) C f(f(z)) by monotony whence
f(z) € E). So f € E+= E be restriction of a monotone map to a subset.
We have @ € F and fp(f) = {z € L | a C = = f(z)} = fp,(FLg) since F

constains all fixpoints of f greater than or equal to a. So we can reason on
E instead of L.

— Observe that f is monotone and extensive on F.

— Given a chain C of elements of E, it has a lub | |C in L. But f is monotone
50 | |C = |Uyec 2 C | e f(2) E f(LUC) € E proving E to be a cpo.

— By the previous lemma, prf f does exist in F and is the same in L.

v
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Variant transfinite fixpoint iteration

THEOREM. Let f € L —— L be a monotone operator on
a cpo (L, C, U) and a € prefp(f). Then the iterates

— fO —a
- 2= Up<s F(F)
form an increasing chain which is ultimately stationary

at rank € such that f€ = prf f. |

PROOF. — The transfinite sequence (f°, § € Q) is an increasing chain since
f°=aC f(a) = f If § > 0 and we have proved f° C f(fP) forall B < §
whence | |55 f? C | g5 f(fP) = fOs0 VB < 6 : f5 C f*. Moreover,

n:=
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f= L

B<6
= Lo | ()
B<e e<pB<d
= feu |_| Ffe {by induction hypothesis§
e<pf<é
= feu |_| fe {fixpoint §
e<p<o
= fe {def. lub§

— Given another fixpoint z of f greater than or equal to a, we have f° = a C z.
If /5 C z for all B < 6 then f(f%) C f(z) = z so f° = I_Iﬁ<6f(fﬁ) Cz

proving V0 : f C z so in particular f¢ C z proving f¢ = prf f.
O

THS
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FU0 = (L £(72))

B<é
m || FF(F%) {monotony§
B<6
3 || £ {since f# 3 f(f7)$
_ 5

— Let o be the least ordinal which cardinality is greater than that of L. If
the chain (f°, § € Q) is strictly increasing then all elements are different so
its cardinality is at least o which is impossible since it is included in L. It
follows that we have 8’ < @ such that 7 = ff = Ls<s (79 3 7. We
have shown f#' C f(f?) so by antisymmetry f% = f(f#'). We let € be the
smallest such that € and call it the rank of the iterates.

— We have V§ > € : f® = f¢. To prove this, observe that this holds for § = .
If this holds for all e < 8 < § then

=
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Fixpoints of a function and its powers

THEOREM. Let f € L — L be a monotone operator
on a cpo (L, C, ) and a € prefp(f). Then Vn > 1 :

C C
Ifp, f™ =1Ifp, f. |

PROOF. 1. Vn > 1:Ifp_ f* C Ifp_ f.

— First observe that a T f(a) so a C f(a) so a C f*(a) for n = 1. If
a C f(a) C f(f™(a)) = f"(a) by monotony of f so that Vn : a C f*(a).
Moreover f™ is monotone as the composition of of monotone functions so
praE f™ does exist.

~ We have f(Ifp_ f) = Ifp_ f. Assume by induction hypothesis that f"(Ifp_ f) =
Ifp, f then f™*1(Ifp, f) = f(f*(Ifb, f)) = f(ifp, f) = Mfp, f so ¥n > 1 :
f”(lfpf f)= prf f by recurrence on n proving that prf i prf f.

n::-
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2. ¥n>1: f*(Ifp, f*) = Ifp. f"so f o f*(If, f™) = f(Ifp, f™)so fA(f(Ifp, f™)) =
f(ifp, ) hence Ifo, f™ C f(Ifp, f™).

— By monotony of f, we get:
f(ifo, f7) C f(ifp, f™)
(o, £7) C f(ifp, ™)

FP2 (0, f) T F2 Y (Ifp, f7)

(I, ") C fr(fp, f7) = Ifp, f"
It follows that

F(fp, £ C Ifp, /™

{by transitivity§
[ [
ffp, /™) =Ifp, f"

{by antisymmetry§

n:=
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Transfinite fixpoint induction

THEOREM. Let f € L —— L be a monotone operator on
a cpo (L, C, U). Given a € prefp(f), we have

C
PLCifp, f
< [Bec0:d€e+1— L:
’Ca (1)
AVE<e:I°C | | f(IP) (2)
B<6

AP C I (3)
|
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Ifp, f C Ifp, f
3. By antisymmetry, we conclude that prf = prf f.

{Knaster-Tarski on f§

O

Useful to speed up fixpoint iteration. For example, by
squaring:

v)
i 4

e &

4 :thm.hm s P Je'ro..L_:«a-

=
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Proor.

(<) Soundness Let eE’ be the order of the iterations f° = a, f0 = Lss f(®
so that f¢ = Ifp, f. Observe that I° C f° by hypothesis (1). If VG <
6 : 1P C fP then, by (2), I° C | ss F(IP) C s F(fP) = f‘SEproving
V6 < e:I°C f° By (3), we have P T I¢ C f¢ C f™(&) = Ifp_ f since
(f%, 6 € Q) is increasing and ultimately stationary at rank ¢'.

(=) Completeness Define I° = f% where (f?, § € Q) are the iterates of f from
a and € is the rank of these iterates. Then (1) and (2) follow from the
definition of (I%, § € Q) while (3) follows from P C prf f=1I

O
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Common fixpoints of commuting monotone
operators on a complete lattice

THEOREM. [5] Let F' be a family of communing* mono-
tone operators on a complete lattice (L, C, L, T, U, M)
and a € ) feF prefp(f) then the set of common fixpoints
of F' greater than or equal to a is a complete lattice m

_ Reference

[5] A. Tarski. “A lattice-theoretical fixpoint theorem and its applications”. Pacific J. of Math., 5:285-310, 1955.

4ieVfgeF:fog=gof.

n:=
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By antisymmetry Vf € F : f(p) = p proving that p is a common
fixpoint of the f, f € F.
— Any common fixpoint of the f, f € F which is greater or equal to a
is some z such that:
aCzAVfeF: f(z)==2
soze{z' |[aCzAVheF :h(z)T 2}
so p C z, proving that p is the least common fixpoint of the f € F'.
— Letfp(F)={z € L|Vf € F: f(z) =z} Asasubsetof (L, C),itis
g poset. We have shown that it has an infimum
prde:Efﬂ{mEL|aEm/\VfEF:f(m)Em}.
Let X C fp(F). | | X existsin L, so prix F exists in L. It is the least
element of fp(F') which is an upper bound of X, whence greater than
a, and therefore the lub of X in fp(F) which is therefore a complete
lattice (although in general not a sublattice of L).

O
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ProoF. Let p=[Hz € L|aCzAVfeF: f(z) Cz}

1. VfeF: f(p) Cp.
IfaCzandVge F:g(z)Cz
thenpCz
so f(p)E f(z)C =
so f(p)C[H{zeL|aCzAVgeF:g(z)Cz}
so f(p)Cp Q.E.D.

2.VfeF:f(p)=p
— Given any f € F, we have shown f(p) C p
s0¥f € F 1 g(f(p)) C g(p) by monotony
soVfeF: f(g(p) C g(p) by commutation
Moreover a is a lower bound of {z | a C z AVh € F : h(z) C z} so
a C p hence a C g(a) C g(p) proving that Vg € F"
gp)e{z|aCzAVhEF:h(z)C z}
so in particular
p=[Hz|aCzAVheF:h(z)C z}
C f(p).

=
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Common fixpoints of commuting monotone
and extensive operators on a cpo °

THEOREM. Let F' be a family of commuting mono-
tone and extensive operators on a cpo (L, C, L) and

a € (\fcp prefp(f) then prf F does exists. u

PRrROOF. — We first prove that the set of all extensive and monotone operator
on any non-empty cpo has a common fixpoint.

5 The proof is a trivial generalization of that given in the special case of a = L by Martin Escard6 (in
“Joins in the frame of nuclei”, Applied Categorical Structures, Vol. 11, Issue 2, pp. 117-124.
i
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— Indeed the set of all extensive monotone operators under the pointwise
ordering is a cpo because it is closed under the formation of pointwise
directed joins. It is directed because the identity is monotone and extensive
and because if f and g are monotone and extensive then f o g is a monotone
and extensive operator above f and g. By def. cpos, there is a maximum
monotone and extensive map T. If f is extensive then T L f o T, and,
because f o T is extensive, f o T' _ T by construction of T'. Therefore T(z)
is a common fixpoint of the extensive monotone maps for any element z of
the poset. Q.E.D.

— Let L, be the intersection of all sub-cpos of L which are closed under f
for each f € F and which elements are greater than or equal to a. Then
eaxh f € F restricts to a monotone and extensive map on L,, and by the
previous lemma, the set 7' has a common fixpoint in L,, say z. let y be
another. Theset Y ={z € L |a C z C y} is a cpo with infimum a and
ifd €Y and f € F then f(d) C f(y) = y which shows that f(d) € Y.
Therefore z C y because L, C Y.

O
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Least common fixpoints of continuous
commuting operators on a cpo

THEOREM. Let f, g € L — L be continuous operators
on a cpo (L, C, L) and a € prefp(f) N prefp(g) such that

=~ f(a) = g(a)
—feg=g°f
Then prf f= prf g ]

Proor. Let (f5, 8 € Q) and (g%, B € Q) be the respective iterates of f
and g from a. We have

- f(f°) = f(a) = g(a) = 9(£°)
- If f(f*) = g(f*) then

n:-
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This does not generalize to monotone maps on cpos, as
shown by the following counter-example:

\f
The cpois ~  The family F = {f, g} is
e
$.

5 p== 1%
SN iamMRTABEER S
They are monotone (but not extensive) and they have
no common fixpoint, whereas on a complete lattice, we
would have something like:

D O
Wk b
1._ ‘q_é‘_\‘: » C 4 (\S’—.s,/o
Q‘_‘ ~ v}

=
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FF
= F(f(FY) {def. iteratesS
= f(g(f) {hyp. ind.§
= g(f(f") {commutation §
= g(f*) {def. iterates]
- If f(fP) = g(fP) for all B < A, A limit ordinal then
F(F
= f(l_l ) {def. iterates]
B<A
= |_| F(7) {continuity§
B<A
= |_| a(f?) {hyp. ind.§
B<A
= g( |_| ) {continuity §

B<A
v
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= g(f) {def. iterates]
so by transfinite induction, V@ € O : f(f#) = g(f*).

— Let € be the rank of the iterates of f (indeed ¢ < w by continuity). We
have Ifp, f = f(ifp, f) = f() = a(f°) = g(Ifo, f) so fp, f is a fixpoint og
g, proving that prfg C prf f.

— Exchanging the roles of f and g in the above proof, we have prf fC prf g

— By antisymmetry, prf g= prf f

Fixpoints of extensive functions on cpos

THEOREM. Let (L, C, U) be a cpo and f € L — L be
an extensive operator on L i.e. Vz € L : 2z C f(z). Then

VaeL:{ze€L|alz=f(z)}#0. |

PROOF.  The iterates of f from a form an increasing chain in L whence

0O cannot be strictly increasing (since otherwise its cardinality would be greater
than that of L since all elements in an increasing chain are different). It follows
that we have 8§ < §' such that f# = f& so f5 = f for all B < § < ' hence
P = ff+1 = f(fP). The least such 3 is the rank of the iterates and is a
fixpoint of f. a
The fixpoint may not be the least one, as shown by the
following counter-example:
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The theorem does not hold when f and g are not continuous, Q
as shown by the following monotone counter-example: g Qp:

> o .

Co D -

| i
| ;
1

=
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Indeed there may not be a minimal fixpoint (hence no
least one) as shown by the following counter-example:

)
A >
.f"
| D2
f is extensive but has not
minimal fixpoint greater
o than or equal to a.
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Hoare’s fixpoint theorem for extensive

operators
THEOREM. Let f, g be extensive operators on a poset
(L, C). Then fp(f ° g) : fp(f) N fp(G) u
Proor.

(2) if z = f(z) and = = g(z) then f o g(z) = f(z) = z.
() if f o g(z) = = then we have

fegx)Ez
= g(z)Cz {since f is extensive§
= g(z)==z {since g is extensive§
=z =f-g(z) = f(z)
O
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Asynchronous iterations

THS
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THEOREM. Let f, g be extensive operators on a cpo
(L, C, U) such that fUIg is well-defined. Then fp(f Llg)

= fp(f) N fp(g)- u

Proor.
(D) If f(z) =z and g(z) = z then (f U g)(z) = f(z) Ug(z) =z Uz = z.
() if (f I g)(a) = = then f(z) Uig(a) = = so f(z) C @ and g(c) C @. By
extensivity, z T f(z) and z C g(z) so by antisymmetry f(z) = z and

9(z) =z
O
___ Reference
[6] C.A.R. Hoare. Fixed points of increasing functions. Inf. proc. Letters, 34(1990), 111-112.
v . . ,
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System of simultaneous fixpoint equations

- (Li, G4, Ly, Ty, Wi [T]y), ¢ = 1,...,n are complete lattices,
whence so is (L, C, L, T, ||, []) where L = [, L; for the
componentwise ordering X CY = A\ ; X; T, Y;.

- Welet FELw— Land F; € L — Ly be VX € L : Fy(X) ¥
(F(X))s-

— The system of fixpoint equations X = F(X) can therefore be
writen as the system of equations:

X; = Fi(X1,...,Xn)
1=1,...,n

TH
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Jacobi iterations

X = D;
repeat
-X°=D Y = F(X);
- Xkl = p(X*), ke N stop := (X=Y);
X:=Y;

until stop;

The fixpoint theorems for monotone/extensive operators
on posets/cpos/complete lattices do apply.

n:=
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Chaotic iterations for a system of
simultaneous fixpoint equations
Let (J9, § € O) be a sequence of subsets of [1,n] which is weakly

fair:

V6 eQ:Vie[l,n]:Fda>8:1€ J% (a)

The chaotic iterations from D for F' defined by (J°, § € Q) are
-X°=D

- X 0 — =X, 6=1 for all successor ordinals § and every i € [1,n]\ JO
- Xf = F;(X%1) for all successor ordinals ¢ and every i € J9
- XA = Lig<a XP for limit ordinals

THS
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Gauss-Seidel

X :=D;
-x9—p repeat

_ yvknti _ poyknti—1 stop := true;
X F(X ) for i :=1 ton do

an“ X’m+Z 1 T := Fi(X1,...,Xn);
KEN i=1,. . .,n je  Stop :=stop & (T=X);

Xi :=T;
1,n]\ {1} o
until stop;

In general, the Jacobi iterates may converge to a fixpoint
while Gauss-Seidel iterations don’t and inversely.

=
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Examples of Chaotic Iterations

— Jacobi iteration method: Y6 € O : J® = [1,n]

— Gauss-Seidel iteration method: J! = {1}, J* = {1},
X is a limit ordinal, J% = {1 +(J+1modn)}ifdisa
successor ordinal and J9~1 = {j}.
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Convergence theorem

THEOREM. If the (L;, C;) are cpos/complete lattices,
F' is monotonic for the pointwise ordering = and D €
prefp F' then any chaotic iteration for F' starting from D
is an increasing chain which is ultimately stationary and
its limit is Ifp_ F. "

ProoOF. A special case of asyncronous iterations, see [7]. ad

_ Reference

[7] P. Cousot. Asynchronous iterative methods for solving a fixed point system of monotone equations in a
complete lattice. Res. rep. R.R. 88, Laboratoire IMAG, Université scientifique et médicale de Grenoble,
Grenoble, France. Sep. 1977, 15 p.
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The asynchronous iterations from D for F' defined by

(J°, § € O) and (S°, § € Q) are

-X°=D

- X f = X,L(Ll for all successor ordinals § and every ¢ €
[1,n]\ JO

5 57 s3 -

- X! = Fy(X{",...,Xp") for all successor ordinals § and
every 1 € J g

- X =[] XP for limit ordinals

Example: for chaotic iterations, choose Sf =35

n=
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Asynchronous iterations for a system of
simultaneous fixpoint equations

~ Let (J9, 6 € 0) be a transfinite sequence of subsets of [1,7]
which is weakly fair:
VoeQ:Vie[l,n]:Ja>d:1e J% (a)

~ Let (89, § € Q) be a transfinite sequence of elements of Q™
such that

Vie[l,n]:¥6e0:8) <6 (b)
V6 eO:Vie[l,n|:36>8:Va>F:6 < S (c)
V3,6 € O: B is a limit ordinal A 8 < §] (d)

— Vie[l,n]: <S8

=
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Intuition for asynchronous iterations for
solving a system of simultaneous fixpoint
equations on parallel computers

— X is stored in a global shared memory (with mutually
exclusive read/write)

— At least one computation process is attached to the

. 5 s9 sd .
computation of X7 = F;(X7',..., X,") at time ¢

TH
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— The processes are not synchronized

— All processes must be ultimately activated (weak fair-
ness/justice) (a)

S0
— The X j 7,9 =1,...,n are previously read in the global
memory, respectively at time S? < 4 (b)

. s9 g .
— The computation of Fj(X*,. .. ,X,f”) is finite so the
g6
reading of the Xj], 7 =1,...,n before computing X,
at time ¢ is bounded in time (c)
g6
— In transfinite iterations the X.7, 7 = 1,...,n cannot
be read prior to a limit ordinal

The p-calculus

Illil- Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 73 — (©) P. Cousot, 2005 Illil- Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 75 — © P. Cousot, 2005
Convergence theorem The p-calculus on a complete lattice
THEOREM. If the (L;, C;) are cpos/complete lattices, - Xex . variables
: : . . . - f\neF symbols of arity n € N
F' is monotonic for the pointwise ordering = and D € I]t:‘ \n € - ¥ Y 5 :
. . . - = Sympols
prefp F' then any asynchronous iteration for F' starting Unen . Y
. . . 6 . C C - EcE u-expressions over X and F
from D is ultimately stationary® and its limit is Ifp o B 0
- L=
| 1
PRrROOF. A special case of asyncronous iterations with memory, see [8]. O ‘ EyV By
‘ E1 N By
| Reterence | f\n(Ei1,...,En) when f\n e F"
[8] P. Cousot. Asynchronous iterative methods for solving a fixed point system of monotone equations in a ‘ /J, XE
complete lattice. Res. rep. R.R. 88, Laboratoire IMAG, Université scientifique et médicale de Grenoble, ‘ VXE
Grenoble, France. Sep. 1977, 15 p.
| X
6 although it may not be an increasing chain.
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Interpretation of the u-calculus

An interpretation I of the py-calculus is

— A complete lattice (L, C, L, T, L, M)

— For each f\n € F", n € N, a monotonic function
I[f\n] € L™ +— L

n:=
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Well-definedness of the semantics of the u-calculus
THEOREM. VE € E : ST[E] is well-defined. n

PROOF. — (X — L, C, 1, T, LJ, 1) is a complete lattice for the pointwise
ordering.

— We prove S/[E] to be monotonic and well-defined by structural induction
on K

— the constant functions S?[0] = Ap- L and S’[1] = A\p- T are monotonic and
well-defined

— The pointwise join and meet of monotonic and well-define functions on a
complete lattice are monotonic and well-defined

- If S![E] is well-defined and monotonic then z C y implies p[z := X] C
ply := X]so SI[E]p[z := X] C S![E]ply := X] proving Az € L. SI[E]plz := X]
to be a monotonic operator on the complete lattice (L, C, L, T, U, M) so

def

that, by Kanster-Tarski, S/[uX.E] & Ap.lfp Az € L.S/[E]p[z := X] is
well-defined

THS
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Semantics of the u-calculus
The semantics ST € E — (X — L) — L of a y-expression
is defined as follows:
sio]p & 1L
STle = T
ST[E v Bolp = ST[E]pu ST[Ea]p

SIEL A Bolp & SI[E]pr ST[Eo]p
S A\n(EL, ..., EBx)]lp & I[f\n])(S'[E:]p, ..., S [En]p)
STuX.Elp < it Az € L ST[E]p[X = 1]
STvX.Elp = ofp- Az € L. ST[E]p[X = 1]
S'Ix]e = p(X)

=
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— To prove that S/[uX.E] is monotonic, assume p C p'. By antisymmetry,
plz :=X] C p[z:= X]. Hence S/[E]p[z := X]S! C [E]¢'[z := X] since
S![E] is monotonic by induction hypothesis. It follows that
Mz € L.S'[E]p[z .= X] C Az € L.S'[E]¢'[z := X] so that, by the theorem
on “fixpoints of pointwise comparable monotone operators on a complete
lattice™ . .

Ifp~ Az € L. S![E]p[z := X] C Ifp Az € L.S/[E]o'[z := X]
proving S'[uX.E] = Ap.lfp Az € L. S'[E]p[z := X] to be monotone

- By duality, S/[vX.E] = Ap-ofp Az € L.S/[E]plz := X] is well-defined
and monotone.

- Finally, S/[X] = Ap-p(X) is well-defined and monototne since p C o/
implies p(X) C p(X') so S[X]p C S[X]

O

n::-
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Kozen’s u-calculus

-p,q,... € Prop propositional formuee
- X,Y,... € Var variables
- a,b,... € Act actions
— We choose

- X = Var

-9 = Prop

- F! = {[a], <a> | a € Act}
-F*" =0, forn >1

n::=-
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I[a]] € ©(S) — ©(S)
I[[a]] X & pre[R(a)]X
={s|3s'c X : (s, s) € Ra)}

I[<a>] € 0(S) = p(S)

I[<a>]X = pre[R(a)]
= {s|Vs' : (s, ') € R(a) = s’ € X}

so that the meaning of a formula is the set of states
for which the formula is satisfied.

THS
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— The interpretation is relative to a labelled transition

system (S, R, I) such that

- S is a non-empty set of states

- R € Act — (S x S) assigns a transition relation to
each action a € Act”’

- I € Prop — g(S) is an interpretation of the proposi-
tional formuee®

- The considered complete lattice is (p(S), C, 0, S, U,
n)

- The interpretation of the symbols is

7 so that the classical transition relation is t = Ueenc B(a)
8 I[p] is the set of states in which p holds.

-
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Example: Act = {a}, Prop = {p, q}. The formula
vZ.(pAa](kY(Z ANq) V (p A <a>Y))

characterizes all states from which there is a path along
which p holds continuously and ¢ holds infinitely often
on that path.

S

——0 o b rr- PPy g —
N L R L

EEEE 1

Hardly readable for complex statements.

TH~
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Lattice theoretic fixpoint-based and
rule-based formal definitions

__ Reference

[9] P. Cousot & R. Cousot. Compositional and inductive semantic definitions in fixpoint, equational, con-
straint, closure-condition, rule-based and game-theoretic form, invited paper. In: Computer Aided Ver-
ification, Proc. 7" International Conference, CAV’95, P. Wolper (ed.), pp. 293-308. Springer-Verlag.

1995.
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— This formal system can be instanciated in an infinite
set of rule, as follows:

- Axiom: —
1

{n}

- Inference rule: ————, n € N
n+2

of the form P < premisse C U (Universe)
c ¢« conclusion € U

THS
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Example of equivalent rule-based and
fixpoint-based formal definitions

— The set of odd natural numbers is defined as follows:
- 11is odd

- if n is odd then n + 2 is odd

— This definition can be understood as a formal system
- Axiom: 1 € odd
n € odd

n + 2 € odd

- Inference rule:

=
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— The rules define a subset S C U of the universe U,
which is the set of all z which can be shown to derive
from the rules by a formal proof, that is

P
-Vie[l,n]:3—:PCHcy,..-,Ci_1}
G
-Cn =2

TH
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0
— For example 1, 3,5,7 is a proof than 7 € odd by —,
1

3

5
a,d —.
5 7

1
3 )

2
— To prove that 4 is not odd, observe that — is the only
4

rule with 4 as conclusion so we must prove 2 to be

0
odd, — 1is the only rule with 2 as conclusion so we
2

must prove 0 to be odd which is impossible since no
rule has 0 as conclusion.

n:=
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Elquivalence of the rule-based and
fixpoint-based formal definitions of a set

— A formal system is a pair (U, R) where the universe

P
U is a set and R is a set of rules (P, c), written —

c
where P € p(U) and c € U

— A proof of z by (U, R) is a finite sequence cy,...,cp
of elements c¢; € U such that

P
-Vie[l,n]:3—:PCH{cy,. .., 1}
¢i
- Cn::B

THS
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— If we define

def P
F=XX {c|3—:PCX}

c

then S = 'qu% F.

— For example odd = prq% AX . {1}u{n+2|n e X} with
iterates 0, {1}, {1, 3}, {1,3,5}, ...

=
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— The set S defined by (U, R) is defined by the proof-

theoretic semantics as
def

S = {z € U | 3 a proof of z by (U, R)}
— The operator for (U, R) is
F € p(U)— p(U)
def P
F=XMX{c|3PCX:— € R}
c
— Observe that F' is C-monotone and indeed a complete
join morphism

n::-
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— The set S defined by (U, R) is defined by the fixpoint-
theoretic semantics as

C
s« ifo, 7

THEOREM. The proof-theoretic and fixpoint-theoretic def-
initions of the set S defined by a formal system (U, R)
are equivalent |
PROOF. — Observe that F'is a complete U-morphism whence upper-continuous

and so the iterates (F°, § € Q) converge to prwg F at rank w by the Kleene
fixpoint theorem on page 9.

n:=
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— Inversely, let (F9, § < w) be the iterates of F. If z € F¥ = Upso F™ then
their exists n > 1 such that z € F". We show that z has a proof by
Tecurrence on n.

0
-Ifn=1z€ F'=F@®) ={c| {0, c) € R} so — hence the proof of z is
z

simply z

- Assume that for all ¢ € F™!, there is a proof of c in (U, R). If z ¢
F" = F(F*') = {c | 3P C F™! : (P, c)nR}, we have (P, z) € R
with P C F*!. Assume P = {cy,...,cx} and let p; be the proof of c;,
¢t =1,...,k which does exist by induction hypothesis. The proof of z is

{c1,...,cx}

z

p1p2 . . . Ppx. Since each p; ends with ¢;, € R, the proof is

well-defined.

— By recurrence, all z € F™ have a proof, whence all z € prqf F' have a proof.
O

n:-
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— Let z € S with proof ¢i,...,chn =1z
- n =0 is impossible since a proof is not empty

0 p
-ifn=1then — € Randsoc, € F1=F(@)={c|3PC0P:— € R} =
C1 [

0
{c|— € R}.
c
- Assume, by induction hypothesis that ! contains ci,...,c,_1. Then,

P
by def. of proofs, 3P >C {ci,...,¢n-1} : — € R so, by induction hy-

n

P
pothesis, IP C F*': — € Randsoc, € F(F" ) ={c|3dP C F*':
Cn

P
— € R} and 50 ci,...,cn € F™ = |J,_,, F(F¥) (using the alternative
c

definition of the iterates on page 41).
- Passing to the limit, ¢ € F" C J, .y F" = F* =Ifp, F = 5

-
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Example 1 of equivalent formal definitions

The universe is U = N. We want to define the subset
odd C U of odd numbers. Then are several equivalent
methods

1. Rule-based formal system: odd is defined by the
following axiom and rule schemata

n € odd
1 € odd
n + 2 € odd
-
III" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 96 — ) P. Cousot, 2005
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2. Fixpoint definition: odd is the C-least solution to
the equation

X={1}u{n+2|neX}

3. Constraint definition: odd is the C-least solution to
the constraint

{I}u{n+2|ne X} CX
or equivalently to the set of constraints:
le X
{n+2|neX}CX

n:=
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The reasoning on subsets of the universe U on the com-
plete lattice (p(U), C, 0, S, U, N) [10] can be generalized
to a complete lattice (L, C, 1, T, LI, M) with the objective
of defining S € L [9].

The generalization is obtained by replacing subsets by
elements of L such as

P P

< g
P P
F=XX.{c|3—€R:PC X}~ F:AX-U{{C}\HﬁeR:PQX}

__ Reference

[10] P. Aczel. An introduction to inductive definitions. In J. Barwise, editor, Handbook of Mathematical
Logic, volume 90 of Studies in Logic and the Foundations of Mathematics, pages 739-782. Elsevier
Science Publishers B.V. (North-Holland), Amsterdam, 1977.

n:-
I I" Course 16.399: “Abstract interpretation”, Thursday April 7tR, 2005 — 99 — ©) P. Cousot, 2005

4. Closure conditions: odd is the smallest subset of U sat-
isfying:
elcX
{ encX—=n+2cX

which we can write as

Vz € p(N) : rtCl=2zCX
NeC{n+2|neX}—=2z2zCX
which is equivalent to
Vz € p(N): C(z,X) =z C X
where
Cz,X) E z={1) V(@ C{n+2|neX}
satisfying C(z, X) AN X CY = C(z,Y)

-
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Example 2: set of regular expressions generated
by the grammar of regular expressions

— The set R(A) of regular expressions p is defined by the
grammar (a € A) :

pu=clalpipz|pip2|p*| (o)

— Fixpoint definition:

R(A) = - AX. {€}
UA
U {pilp2 | p1 € X Ap2 € X}
U {p1p2 | p1 € X Np2 € X}
U {r*|peX}
UA{(p) | pe X}

Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 100 — ©) P. Cousot, 2005
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— Equational definition: R(A) is the C-least solution to:

X = {e
UA
U{pilp2 | p1 € X Ap2 € X}
U {p1p2 | p1 € X Ap2 € X}

*
U{p*|pe X}
U{(p) [ pe X}
.
III" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 101 — ©) P. Cousot, 2005

— Closure-condition definition: R(A) is the C-least ele-
ment X of p(A*)" satisfying:
e € X
acA—acX
prE X ANpp€ X = p1lp2 € X
prE X Npp€ X = pip2 € X
pEX = p X
peX = (p)eX

10 p(S) is the power set, i.e. set of subsets of the set S.

TH
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— Constraint-based definition: R(A) is the C-least solu-
tion to the system® of constraints:

ec X

ACX

{p1lp2 | PrE X Npre X} C X
{p1p2 | pre X Nppe X} C X
{pilpeX}CX
{(ppeX}CX

9 More precisely “conjunction”.

(L] [T

Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 102 — ©) P. Cousot, 2005

The corresponding informal definition is:

1. € is a regular expression; empty
2. If a € A then a is a regular expression,; letter
3. If p1 and pg are regular expressions then:

3.1 p1lp2 alternative
3.2 p1p2 concatenation
are regular expressions;

4. If p is a regular expression then:

4.1 p* repetition, 0 or more times
4.2 (p) parenthesized expression
are regular expressions.

i
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— Rule-based definition:
- Axioms and rule schemata of the formal system defin-
ing the regular expressions ":

a€A  p1€R(A), p2 € R(A)

e € R(A)
a € R(A) pilp2 € R(A)
p1 € R(A), p2 € R(A) p€R(A) p € R(A)
p1p2 € R(A) p* € R(A) (p) € R(A)

11 These axioms and rule schemata should be understood informally since their meta-semantics has not been
formally defined.

n:=-
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Example 3: formal definition of the reflexive
transitive closure of a binary relation

— Fixpoint definition: #* = Ifp- AX . 1g Ut o X
— Equational definition: ¢* is the C-least solution to X = 1gUt o
X

— Constraint based definition: t* is the C-least X satiwfying

1gC X
to X CX

— Closure-condition based definition: t*is the C-least X satifying

Ve eS:(z,z)e X
{Vm,y,zéS:((w, Y) EtA(y, 2) € X) = (z, 2) € X

n:-
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— Interpretation of these axioms and rule schemat% as a
set of rule instances (for all a € A, p, p1, p2 € A*):

o 0 A{e1, p2}
€ a p1lp2
{p1, p2}  {p} {r}
p102 P (p)

— We use here the traditional notation % which we have
changed to % in order to generalize this classical set-
based definition into order-theoretic rule-based infer-
ence systems.

-
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— Rule-based definition: t* is generated by the following axiom
and rule schemata:

(z, z) eto X
(z, 2) e X

(z,z) e X

interpreted as follows:

R:{<x,®m>

)}
T ey
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Definition, semantics and equivalence of
lattice theoretic formal definitions

— Fixpoint definition: S = pr; F* where F ¢ L+ L
on (L, C, L, T, U,
— Equational definition:
- Definition: S is the C-least solution to the equation
X = F(X) where F€ L+— Lon (L, C, 1, T, U,
M)
- Semantics: S = prE e
- Equivalence: trivial

12 \Well-defined by Knaster-Tarski fixpoint theorem.
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— Closure-condition based definition:
- Definition: (L, C, 1, T, U, M) is a complete lattice
and C € p(L x L) satisfies

Clz, X\)NXCY = C(z,Y) (2)
S is the C-least element of L satisfying
VeeL:C(z,X)—zC X (3)

. C def
- Semantics: S = Ifp F where F' = AX .| |[{z € L |
C(z,X)}

def

ProorF. F = AX .|z € L | C(z,X)} is monotone since X C Y
implies {z € L | C(z,X)} C{z € L | C(z,Y)}so F(X)= |z € L|
Cz,X)}C|{z e L |C(z,Y)} = F(Y).

n:-
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— Constraint based definition:

- Definition: S is the C-least solution to the constraint
F(X)C X where F ¢ L+ Lon (L, C, L, T, U,
)

- Semantics: S = prE e

- Equivalence: Trivial since Ifp~ F = [{X el ]| F(X)C
X} by Knaster-Tarski fixpoint theorem so that prE F
is thye elast solution to the constraint F(X) C X on
L
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Since (L, C, 1, T, U, M) is a complete lattice and F € L +— L is
monotonic, prE F' does exist by Knaster-Tarski fixpoint theorem

I C(z,ifp F)thenz C |y € L | C(y,ifp F)} = F(ifp F) =Ifp F
so X = Ifp” F satisfies (3)

- If X € L satisfies (3), then F(X) = | {z € L | C(z,X)} C X proving
prE F C X by by Knaster-Tarski fixpoint theorem.

. S =Ifp F is therefore the C-least element of L statisfying (3).

- Equivalence:
- If (L, C, L, T, U, M) is a complete lattice and F €
L+ L then the closure condition C(z, X) =z C
F(X) defines S = prE F

PrROOF. - The closure-condition C is monotonic since if C(z, X)AX C
Y then z C F(X)A F(X) C F(Y) hence z C F(Y) that is C(z,Y);

Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 112 — <) P. Cousot, 2005
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- The C-least S satisfying the closure condition is: S = Ifp AX - | Kz €
L|C@X)}=Ip A\X.|[{zcL|zC F(X)} =Ifp A\X.F(z) =
Ifp F.

Inversely, we have that given a definition S € L by (3), we can write

it in fixpoint form S = Ifp” F where F(X)=|HzelL|C(z,X)} DO

— Rule-based definition:
- Definition: (L, C, 1, T, U, M) is a complete lattice
and R = {(P;, ¢;)|t € A} is a set of rules where F;,
c;€L,1eA

Derivation (generalizing proofs)

B . def .
—Let R=q— |i€Apand = XX . | [{C; | Fi €
Ci
A:PiEX};

— A derwation of an element = of the complete lattice
(D, C) is a transfinite sequence z, kK < A, A € O such
that:

. C
- Semantics: S = Ifp F” where F' = AX . | {¢; | -zo = 1,
P.
i - C P T forall 0 <k < A

JBCX:—>€cR} x & 2(p<xzp) <A

ci - Ty =T
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- Equivalence: — An element z of the complete lattice (D, C) is said to

- A rule-based definition can obviously be specified
in fixpoint form as stated above

. Inversely, let F € L +™s L. Then Ifp- F can be

P
defined by the rules R = {— | ¢,P € LAc C
c

F(P)}

PROOF. - We let ¥(X) £ {C|3P e L: PC X ACLC F(P)};

-Forall X € L, X C X AN F(X) C F(X) whence F(X) € ¥(X)
proving that F(X) C AX . U¥(X);

- If C € ¥(X), we have P C X whence F(P)C F(X) and C C F(P)
whence C C F(X) proving that AX . U¥(X) C F(X);

- By antisymetry, AX . U¥(X) = F(X);

- In conclusion, R defines prE AX . U¥P(X) = prE F.

TH
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be derivable whenever it has a derivation;

— An alternative definition of the semantics S of (L, R)
is

S = | [{z € L |  is derivable by (L, R)}

TH
I I" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 116 — <) P. Cousot, 2005
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Example: derivation of a regular expression

— Axioms and rule instances *:

0 0 {p1, p2} {p1, P2} {p} {p}

€ a p1lp2 p102 P (p)

- $(X) = {e}{a|ac Afu{pilp2, p1p2,p*, (p) | p1,P2,p € X}
— Example of derivation (proof that (a|b)* € R({a,b})):

Ty = 0
z; = {a} C &(z0)
zg = {a|b} C H(z1Uz)

2y = {(afb)"} C &(zs)

13 We use the traditional £ for our %.

n:=
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— Since &%, k € O is an increasing chain which ultimately stabilizes to prE @,
it follows that Vk < A :z, C prE @ hence in particular z =z, C prE P,

— We have shown that | [{z € D | z is derivable} C Ifp~ &;

— For the reciprocal, the iterates &%,k < A for & starting from | form a
derivation of prE &, since prE & is some &¢; It follows that prgsﬁ C | Kz €
D | z is derivable};

~ By antisymetry, Ifp & = | [{z € D | z is derivable};

— All other z C prE & are also derivable:

- Let X be the least ordinal such that £ C ¢ (such an ordinal exists
since ¢ C & = prE b);
- A derivation of z is simply z.,k < A with z, = &* for Kk < A and
T)=1.
O

THS
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Elquivalence of the fixpoint and
derivation-based semantics of rule-based
formal definitions

An element z € D is derivable if and only if z T prE e
so that:

prE b = |_|{m € D | z is derivable}

Proor. — Let &%, k € O be the iterates of ¢ starting from 1 and z,, kK < A
be a derivation of z;

— By transfinite induction, Vk < A : z, C $*:
- We have 2o = 1 = &°.
- Assume by induction hypothesis that VG < x : z5 C &P, It follows
that | g,z C |_|ﬁ<ﬁq5ﬂ hence z, C &( |5, z5) C 95(|_|ﬁ<ﬁd5ﬁ) = &,

=
I I" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 118 — (©) P. Cousot, 2005

Join-Irreducible Rules

— Let (D, C) be a complete lattice satisfying (DCC).

— Let R be a set of rule instances and ¢ be the corre-
sponding R-operator.
— Let &g be the S-operator for rule instances:

Sz{%'ﬂ%eR:cez(C)}“

C C
— Then Ifp” ¢g = Ifp PpR.

14 Recall that Z(C) is the set of join-irreducibles of C.

n::
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PROOF. — Forall X € D, $5(X) = | {C | 3% €R:PCX}=|{Z(C)|

I

P P

|_|{c|3§€S:PgX}=¢'S(X).

— For the respective iterates % and &%, k € O of 5 and $5, we have 95%
& =1]0= L.
— Assume, by induction hypothesis, that V8 < k, $% = . We have &%

(s #2) = P5(pe 5) = 25

— By induction $§ = &% for all kK € O proving that prE Pg = prE $p.

Reduction of the Premiss

— Let S be the element of the complete lattice (D, C) defined by

the rule instances :
P/ PII
RU {_, _}
c' c

— Let S’ be the element of the complete lattice (D, C) defined

by the rule instances :
P/
RU {_}
C/

O
- If P'C P"then §= 5"
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Example' Even Numbers Proor. — By deﬁmtlon, this denotes:
[
S =1Ifp &
— Even numbers: S — Iy &
N where:
, 0CNCN .
{0}u{n+2|ne N} e ¥ax.| J{e| eRnPCX}U{C'|PCX}U{C'| P'C X}
— U-join irreducibles conclusions: . P
] 95’d:fAX-U{C’}?eR/\PEX}I_l{C’|P’§X}
N 0 C C N 0 C - Buté=&'since P'LX=PLX
P CNCN ——  @CNCN,neN C C X. ]
{0} {n +2}
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Example: Even Numbers

— BEven numbers:

Inductive definition of the finite trace
operational semantics of a transition system

THEOREM.

N N
——, PCNCN —— OCNCN,neN . c - .
{0} {n+2} +t = Ifp, Ft = gfp Ft (4)
— Reduction of the premisses: z*
0 {n} neN where the set of finite traces transformer F~ is:
{0} {’I’L + 2} ’ d f 7 5
c tion 110 F+(X) S rturtT X u
- onvention . . . T i
[10] Note: F'* is a complete U-morphism U FH(X;) = +(U X;)
0 {n} N
0 nto < and complete N-morphism ﬂ F+(Xz) = F+(ﬂX ).
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Traces SKETCH OF PROOF. 7@ = |J 7 = pr@g F¥

= (Z’ T), transition system

- = {o € o | Ve <m—1: (0; 0,_1) € T}, finite
partlal traces of 7 of length n > 0

- {o € " | Vs € X : (op—1, S) &€ T}, finite com-

plete traces of T

- Un>o 77, finite complete nonempty traces of

-A" B = {UO---Un—lal...am_l | 0p...0p—1 € AN

pILIN 04...00,_1€BN SN Op_1 = 00}, junction

I I“ Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 126 — (©) P. Cousot, 2005

€N
— A red point @ represents a blocking state s € J:Vs' € Z: (s, ') ¢ T
— A Dblue point e represents a non-blocking state s € ¥ : 3s' € X : (s, s') € T

T
8- B—re

— A symbolic trace — =~ represents all possible traces where e are

T oy . . ?
states and — are transitions, whereas this is unkown for ——
]

X-0
X - {o}
X - {e, -—o-@}
X {@ olnve, .LHL.'@}
X' {o oloa s oloe . oloelse )
X7 {oloeloe - oloe | n>0}
0 1 n1 n
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= > n > > T =
=uUr=N(Ururto g = gfp  F'
>0 neN =1 zt

Co-inductive definition of the infinite trace
operational semantics of a transition system

X SE—— - (X, T), transition system
< t ¢ 7 ) )
X {., @y P ——@r e ——@ e } 0 def ) ) )
y B (o b il 7 ! - 2% = N+ X' infinite sequences of states in X/
) @, PO ——Qr e B ——B e
= def —
X {® oloe, oloelne,...... et bes® o s } - = {o€X¥|Vn>0:(opn, ons1) €T}
g - C -
....... 7] = W
e g ; : 5 THEOREM. ™ = gfpzwj F (5)
[ ] —pd........ 3 :—.-? . .{_.-._-”.} . ‘! : i}
.............. X e adtl o o o enn LU where the set of infinite traces transformer F* is:
f\’m.l oiﬂluo-"’—b. n=0 5 def 5
{.. | ni n | n20} FY(X) = "X -
H Note: F“ is a complete N-morphism: () F¥(X;) = F¥(N X;) and
7 )
that the least fixpoint of F“ is (.
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Proor. For a formal proof, we compute the iterates (F%, § < w + 1) of F. SKETCH OF PROOF. The black part e—e of the sequence represents any in-
_F=)X.Sur~ X monotonic for C finite sequence of states in 2. The blue part e——e represents any prefix
~_FO— ¢ ] B trace.
- : - B G i~ S a
—F1=F(FO)=Z'1UT§’\@=21=T1 T —nQNT X gprJF
- FP=FFY=Z'urr~ 7 =7u7?
def |\ = ) X ——o 9o o o o o o o —
-Fm=yr hyp. ind. :
i=1 X o tI . . > . o
. . noo. .on . . Loon . ontl | .
- = p(F)=Zur (U ) =7uy @) =riuyrt=7uly 7 X t  t : :
i1 i_1 =1 j=2 .—’.—»’—0—0—.—\.—?—07
n+l . !
=7 n + 1-th iterate Lo
i=1 n ; {
- X olfpelpelrertre oLooLlre
L B B . |
-F=UFFr=yyr=yr=1" Voo
neN neNi=1 1€ENL \ \ \
- P =F(F) =S U =2ur (=20 () = X olpetpelpets toiteeteely
» » ieN, ieN, 0 1 72 3 na n
I_Z’TUUT’h: UT;=Ti=F“=prgF - l O
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ProOF.

ProoF. Observe that ¥® = X*U £“ and 5* N Z“ = () imply that we have a

7O _ 5@ complete lattice (p(X%®), C, L, T, U, M) where | = 2%, T =5% and
Fr=tt. 50 (hyp. ind. (7 = &)§ L]x: = JeanZ)u (X0 =9
Fn+1 — Fﬂ(Fn) €A . €A i €A i
_iegm [1x: = NenZ)ulJxinz9)
- 'r; o €A €A €A
— 7_2 ~ tn . le B B ) )
_ il 5w (by isomorphism with (p(Zt x Z¥), C x D, (0, Z°), (X", 0), Ux N, N x U))
. ) For a formal proof, we compute the iterates (F°, § < w + 1) of F.
=17 - FPEAX U X
nz0 0 @
— 4@ - =X ] _
Ferl*Fﬁ(Fw) - Fl:F&)(FO):TTUTiAZE/:
- g - R =FFY) =rur " (Fur~ 2 =rurturicg°
=T
—
O
Illil- Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 133 — (©) P. Cousot, 2005 Illil- Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 135 — © P. Cousot, 2005
Bi-inductive definition of the finite and ~ P () Ui g hyp. ind.
infinite trace operational semantics of a i

transition system

— The fixpoint characterization of the bifinitary com-
plete trace semantics of a transition system (X, 7) is:

5 C 5 C =
T = Ifp F® =¢fp . F* (6)
. Zd
F* = \X.7'uri~Xx
def

XCYEXNZCYNIHA(XNZP DY N9

=
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_ Fn+1 — Foa(Fn)

=7lyrio ((O 'r;) UT".;IAZ'“A’)
i=1

noo. = X - -
=7u(U TZATaUTzATnHAZW

— TTU (LnJ Tiil) U’Tner ~ Zw‘)

n+1

=7y (U ’T;) uTnizo 50
j=2
n+l .

— ( U Tg U Tniz ~ 570 n + 1-th iterate

i=1

TH
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-E=RT Continuity of the Trace Transformer F®

=UFE'nZ) U NEFE"NZ9

neN neN Unbounded non-determinism does not necessarily imply
o o absence of continuity of the transformer of the fixpoint
- nLEJN}:Jl(T) v ,QN(T ) semantics:
= U () u PROOF.
1€ENL - - B
=7t U 79 UFOB(Xi):UTlU’TZAXi
_ ;WL = Ue'u (XN 5F) U m(#’ (XN 5%)
=P = Furd o (Joxn 2 u X0 59)
=TturT"T® 3 i
— i‘U 3~ h U 79 ot 51 F e ‘
YT (igf'r) T) =Tlut? |_| X, =F (UXl)
=7u (U 7'5“7'2) U (7'5”7'“7)
1€NL |
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=(ru(U 7ur Bi-inductive definition of the finite and infinite
ieNy . . .
_(Uur trace operational semantics of (a variant of) SIL
e — Syntax —
=7 UTY ..
o -deD Digits
s d—of1|2]-|9
T oL -neN Numbers
=Ifp F
- n—d|nd
-lel Letters
= A[B]---|Z]a[b]|---|z]_
-vevV Variables
v—1]|vl]|vd
-peP Programs

p—n|v|?|p1—p2]|v:=p|if p; then py else p3 |
p1; p2 |repeat p1 until pp |[while p; do p2

= TH
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— States —

-z €Zgp Values
-peEN—Zg Environments
-eckE Partially evaluated programs'®

e—z|n|v|?|e —ex|v:=elif e; then py else p3 |
e1 ; p2 |repeat p; until py |[repetition (e, eg, p3) |
while p; do pg |iteration (ej, e2, p3)

VARIABLES S®[v]

def .
- (e, p)e X =(E V—2Zp) States - y1LEZL
% p) e (4 )
< y P) e\ P
— Trace Semantics —
- S%[e] € p(XZ*) Maximal/complete trace semantics
15 p partially evaluated program models both a program point, pointing at the code remaining to execute,
and an execution stack holding intermediate temporary values during the evaluation of an expression.
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Contexts

— Maximal/Complete Trace Semantics —

VALUES S%[z]
0
- 7@; o) , T EZLp
- N[o] Eor

- )\'/'[[9]] o
- N[nd] & (10 x N[n]) + N[d]
0
(n, p) « Wnl, p)

NUMBERS S&’[[nﬂ

16 1 can be understood as the ASCII encoding and n as the binary encoding of the number.

=
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— A context e[.] is a partially evaluated program with a hole in
it:
el] = [l [z [n[v[?]el] — el [v:i=el]|
if ej[s] then pp else p3 | e1]s] ; p2 |
repeat pj until py |[repetition (ej[s], e[s], p3) |

while p; do pg |iteration (e1[s|, e2]s], p3)

n::-
i Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 144 — ©) P. Cousot, 2005
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Context Substitution

— If e[] is a context and € is a partially evaluated program then
e[e'] denotes the result of placing e’ in the holes of e[s]:

e[| ele]

[+ ¢

T T

p p

eifs] — eoe] eife’] — €]

if e;[e] then py else ps if e;[e/] then py else p3

eife] ; p2 eie] 5 p2

repetition (ei[e], eas], ps) | repetition (ei[e]], eafe’], pa)
iteration (ejfs], eafe], p3) |iteration (ei[€], ez[€], ps)

n::=-
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Substraction S®[e; — eg]

] (o1, 0) -7 (2, 0 e
(e1 — e, p) o [0] —e2e (2 — eg, p') e (2, 0)

. / / /1
(e1, p) » 01+ (1, p'), <e2’p‘>'a2'<?’p>,i€ZO’€Z;
(e1 — ez, p) e [01] —e2+ (2 — e, )«

(e1, p) s o1+ (1, P), (e2, p/) e 02+ (4, P)

(e1— ez, p)«01] —e2- (1 — e, p)) -
11— [0-2] ° <7’ - j; p//> ° <7’_.7) p//>

i,jE€EZL,0€XF

n:-
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Trace Context

— If e[] is a context and 0 € X is an execution trace
then e[o| is the execution trace where context e[| is
added to all control components:

Vi < |o] : e[o]; = (elej], p;) where oy = (e, p;)

— Example:

o=(1-2,p+(1—=2p)+(1—=20p)+(-1,0p)
[U]_§:<l_2_§:p>'<1_2_§7p>’<1_2_§)p>'
(=1 =3, p)

Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 146 — ©) P. Cousot, 2005

<e1;p>'a ,UEZQ
(e1 — €2, p)+[0] — e

. / /
(e1, p) - 01+ (3, P>,‘ (e2, P>/'°’? i€ Z,01 € 5F,
(e1 — ez, p) o [o1] —e2e (i — ez, p)ei—[o2] 4, 559
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Examples

2, p) € S¥[12]

— 1, p)+ (2, p) €S¥[2 — 1]

—1-2,p(2-2,p (2, p)eS®[2 -1

—1-2-3,0+(2-2-3,p) (2 —3,p) (2, p)
1

SIS

- < ,,0>-<1, p>€‘so:6[[1]]
(2, p) + (2, p) € S¥[2] V
1 -2p(1-2p.(1~20p-(-1p €Sl - 2]

IN [

n::=-
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Conditional S®[it e then p3 else p3]

(er, p) e 01+ (82, 0)
(if e; then py else p3, p) +if [07] then p;y else p3 .
(if £2 then py else p3, p') « (2, p')
(e, p) 20140, p), (p2, P) 02
(if e; then py else p3, p) +if [07] then p; else p3 .
(if O then py else p3, ') « (pa, p) « 02
(er, p) 01+ (% p),  (ps, )« 05 ie7— {0}
(if e; then p, else ps, p) +if [07] then py else pse
(if 7 then py else ps, o) « (p3, p') « 03
(e1, p) « 01

- - - , 01 € b3
(if e; then p else ps, p) if [01] then p; else ps

n:-
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Assignment SO%[[V = e
oo (2, 0
_ (& p) oo« (2, p) o
(vi=e, p)ovi= o]« (v:= 102, 0)« (2, 0)

_ (e,p)-a-(i,p) o c

(vi=e, p)evi=[o].(vi=1, o) e (i, p'lv:=1])
ez

c, o J R
_ (e, ) R

-
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Sequential Composition SO%[[el ; p2]
<e11 P> e 01 e <‘(27 pl>
(e1 5 p2, )+ [01] 5 P2+ (25 p2, A) « (2, )

_ <ela ,0> o] » <Z) p/>7 <p21 ,0/> e 02 i c
Z<el s P2, P) o o1 5 p2e (25 p2, O) ¢ (p2, Pf) ¢ 02

<E]_, p > ° 01 @
- , 01 €Y
(e1 ; p2, P) « [01] ; P2
it
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Repetition 806 [[repeat P1 until p2]]
(repetition <p1, p2, repeat pj until p2>, p> o0

- (7)

<repeat p1 until p2, p> 0

o0 (e, p) o o1+ (3, ), (e, p) e 02+ (2, p)
(repetition (e;, ey, p), p) srepetition ([o1], ez, p) o
(repetition (1, ey, p), p') «repetition (i, [03], p) »
(repetition (i, 2, p), &) - (2, o)

.21 <ely p> «01 <7‘7 p/>1 <e27 p/> « 02 <0) p“)
(repetition (e, ey, p), p) srepetition ([o1], es, p) »
(repetition (t, ey, p), p') «repetition (3, [02], p) »
(repetition <7'x 0, p>) p”> * <7’1 ,0”>

20 Body terminates, test is erroneous, return error.
21 Body terminates, test is true, return value of the last iteration.
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147 016 s <el7 p> «01e <Zx p/>m <62, pl> e 02 <]: p//>)
R’epetltlon S Hrepetltlon <e17 €2, p3>]] o2 p =repeat e; until e;, (repetition (e, ez, p), p") « 03 (8)
ol (e1, p) « 01 o€ 5 (repetition (ej, es, p), p) srepetition ([o1], ea, p) «
1 . ! , U .
(repetition (e, ey, p), p) -repetition ([oy], e, p) ‘<r.epet.1t‘10n <1y”321 P, P) ..re.petltlon (1 [‘72;11 p) .
(1, p) 01+ (2, ) (repetition (i, 7, p), ") « (repetition (e, ez, p), p") « 03
18 A )

(repetition (e, es, p), p) srepetition ([o1], ez, p) »
(repetition (£2, ey, p), p) « (12, p)
19 <e1: P> e 01 <7’1 p/>) <e21 P’> LR
(repetition (e, ey, p), p) «repetition {[oy], ea, p) «
(repetition (3, ey, p), p/) srepetition (3, [09], p)

,0'2625

17 Body does not terminate.
18 Body is erroneous, return error.
19 Body terminates but test does not.

=
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22 Body terminates, test is false, repeat.
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Tteration S® [while p1 do p2]

(iteration <p1, p2, while pj1 do p2>, p> 0

<whi1e p1 do p2, p> o0

n:=
I I" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 157 — ©) P. Cousot, 2005

2 <e17 p> 0] <0) ,0/>, <e2) p/> « 02
(iteration (e1, ey, p), p) siteration ([o1], 2, p) «
(iteration (0, e, p), o) «iteration (0, [02], p)

09 € Ew
/ / 1/
e’ <61, P>'Ul'<0>P>7 <62;P>'0'2'<Q,p>
(iteration (e, eg, p), p) siteration ([o1], e, p) «
(iteration (0, ey, p), o) «iteration (0, [o2], p) -
(iteration (0, (2, p), p") « (£2, ")
26 Test is true, body does not terminate.
27 Test is true, body is erroneous, return error.
III" Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 159 — ©) P. Cousot, 2005

Iteration Sovaﬂiteration <e1, €9, p3>]]

o2 <e1, ,0> " o1 € p2d
(iteration (e;, ey, p), p) ~iteration ([o1], e, p) '
02 <61, p> * 01 <‘Q) /0/>

(iteration (e, €1, p), p) oiteration ([o1], es, p) »
(iteration ({2, eq, p), P') « (2, p)

. (e1, p) 01+ i, 4)
(iteration (e, ey, p), p) «iteration ([oy], es, p) »
(iteration (1, ey, p), £) « (3, 0)

bl

1€7Z— {0}
23 Test does no terminate.
24 Test is erroneous, return error.
25 Test is false, return its value.
Ihir . , ,
I 1 Course 16.399: “Abstract interpretation”, Thursday April 7th, 2005 — 158 — <) P. Cousot, 2005

<e17 p> e o <0) P/>; <e2: Pl> e 02 <’L; PH>,
p =while e; do ey, (iteration (eg, eg, p), p’) .« 03

.28 , (10)
(iteration (e1, eg, p), p) «iteration ([o1], e, p) «
(iteration (0, e, p), o) «iteration (0, [02], p) .
iteration (0, 2 "y« (iteration (e, e .o
< <77p>7p 1, €2, P), P 3
1€ 7
28 Test is true, further iterations needed.
i
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Well-formedness of the Inductive Definition of
the Complete Traces Operational Semantics

— The strict syntactic component relation < which is used for the inductive
definition is well-founded:

e < ey — ey ps < 1if e; then py else p3

e < e — e er < e1;p2

e <v:i=e p2 < €1 p2

e; < if e; then py else p3 e; < repetition (e, s, p3)

ps < if e; then p, else p3 ey < repetition (e, ez, ps)
repetition

(p1, p2, repeat p; until ps) < repeat p; until p,
e; < iteration (e, e, p3)
ey < iteration (e, e, p3)
iteration (pi, pa, while p; do py) < while p; do py

n:=
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Beyond Action Induction

— For loops we cannot use syntactic structural induction because
of the recursive definition of the traces e.g. for the while loop,
while pj do pg = p2; while pj do pog;

— For finite traces we can reason by induction on the length of
traces (e.g. for the while loop, the length of the trace for the
next iterate is shorter *°);

— This is not valid for infinite traces;

— We have shown that by providing a suitable order-theoretic
interpretation/semantics for rules, the rule-based presentation
can be “naturally” extended to infinite behaviors.

29 This was called action induction by R. Milner. Operational and algebraic semantics of concurrent processes.
In J. van Leeuwen, editor, Formal Models and Semantics, vol. B of Handbook of Theoretical Computer
Science, ch. 19, pages 1201-1242. Elsevier Science Publishers B.V., 1990.
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THE END

My MIT web site is http://www.mit.edu/ cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16,/16.399 /www/.
v
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