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Informal introduction
to abstract interpretation
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A little graphical language

— objects;
— operations on objects.
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Objects
An object is a pair:
— an origin (a reference point x);

— a finite set of black pixels (on a white background).
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Operations on objects : constants

— constant objects;

for example:

petal =
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Example of an object: a flower

x
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Operations on objects : rotation

— rotation r[a](o) of objects o (of some angle a around
the origin):

. 45°
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Example 1 of rotation

petal = r[45]|(petal) =
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Operations on objects : union
— union o7 U 0y of objects 01 and 0y = superposition
at the origin;
for example:

corolla = petal U r[45](petal) U r[90](petal) U
r[135](petal) U r[180](petal) U r[225](petal) U
r[270](petal) U r[315](petal)
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Example 2 of rotation

flower r[-45](flower) =
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Operations on objects : add a stem

— stem(o) adds a stem to an object o (up to the origin,
with new origin at the root);

BN
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Flower

flower = stem(corolla)
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Contraints

— A corolla is the C-least object X satisfying the two
constraints:

- A corolla contains a petal:
petal C X

- and, a corolla contains its own rotation by 45 de-
gres:

r[45](X) C X
— Or, equivalently '
F(X) C X, where F(X) = petal U r[45](X)

L By Tarski’s fixpoint theorem, the least solution is lfpS F'.
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Fixpoints

— corolla = Ifp& F
F(X) = petal U r[45](X)

[TH
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 14 —

(©) P. Cousot, 2005

Iterates to fixpoints

— The iterates of F' from the infimum 0 are:
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Iterates for the corolla

P Bk g
BBIEH

TH
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 17 — (©) P. Cousot, 2005

Upper-approximation

— An upper-approximation of an object is a object with:
- same origin;
- more pixels.
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The bouquet

— bouquet = r[-45|(flower) U flower U r[45](flower)
— The bouquet :
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Examples of upper-approximations of flowers
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Abstract objects

— an abstract object is a mathematical/computer repre-
sentation of an approximation of a concrete object;

17

8

concrete object  abstract object more abstract object
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Abstraction

— an abstraction function o maps a concrete object o to
an approximation represented by an abstract object

a(o).
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Abstract domain

— an abstract domain is a set of abstract objects plus ab-
stract operations (approximating the concrete ones);
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Example 1 of abstraction
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Example 2 of abstraction
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Concretization

— a concretization function v maps an abstract object o
to the concrete object y(0) that is represents (that is
to its concrete meaning/semantics).
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Comparing abstractions

— larger pen diameters : more abstract;

— different pen shapes : may be non comparable abstrac-
tions.
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Example of concretization
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Galois connection 1/4 Galois connection 3 / 4

— o is monotonic. — for all concrete objects z, v o a(z
(@Q\ m
\ 6@ = (ﬁ -~
- implies cC fl
flower a(flower)  y(a(flower))
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Galois connection 2/4 Galois connection 4/ 4

— 7y is monotonic. — for all abstract objects y, a o y(y
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L implies - fv

abstract flower 7y(abstract flower) 7y(abstract flower))

i i
n Course 16.399 n Course 16.399:

“Abstract interpretation”, Tuesday, April 12, 2005 — 30 — ©) P. Cousot, 2005 “Abstract interpretation”, Tuesday, April 12, 2005 — 32 — ©) P. Cousot, 2005


http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

Galois connections

(D,C) == (D,C)

iff Vz,y€cD:z Cy—=— a(z) C a(y)
AVZ,YED:TLY = 7(z) C(7)
AVz € D:z Cy(a(z))
ANVYED:a(y(y)E2

iff VeeD,yED:alz) Cy <z Cy(y)
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Specification of abstract operations

- op/0 o a(op/0) O-ary
7 def

- op/1(y) = a(op/1(7(¥))) unary
— def :

- op/2(y,2) = alop/2(7(y),7(2))) binary
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Abstract ordering

|
8
1M1

y is defined as y(z) C v(y).

iy
PAN

I

since

M
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Abstract petal

o )=
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Abstract rotations

- Tlal(y) = a(rla](v(¥)))
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A commutation theorem on abstract rotations

- a(rlal(z))

= a(y(a(rlal(2))))
a(y(rla]
= a(rla](y

~— AQ -~
~
8
N—r
N—
N—
N—r
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Abstract rotations

- Tla](y) = a(rla](v(y)))

= 1[a](y)
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Abstract stems

— stem(y) = a(stem(7(y)))

8

abstract  ~y(abstract

corolla corolla) stem(y(abstract  a(stem(y(abstract
corolla)) corolla)))
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Abstract union

—zUy =a(y(z) Ur(y))
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Abstract bouquet:

:a(

= af )
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Abstract bouquet:

abstract bouquet
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Abstract bouquet
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A theorem on the abstract bouquet

abstract flower = a(concrete flower)
abstract bouquet

= 1[-45](abstract flower) LI abstract flower L T[-45](abstract
flower)

= T[-45](a(concrete flower)) U a(concrete flower) LI T[-45](c(concrete
flower))

= a(r[-45](concrete flower)) U car(concrete flower) LI or(x[-45](concrete
flower))

= o(r[-45](concrete flower) U concrete flower U r[-45](concrete
flower))

= o(concrete bouquet)
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Abstract transformer F
- a(F (X))
= o(petal Ur[45|(X))
= a(petal) U a(r[45](X))
= o(petal) UT[45](a(X))
= abstract petal U T[45|(a(X))
= F(a(X))
by defining
F(X) = abstract petal LI T[45](X)
and so:
— abstract corolla = a(concrete corolla) = a(IfpS F) = lfp= F
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Abstract fixpoint

— abstract corolla = a(concrete corolla) = a(lfpS F)
where F'(X) = petal U r[45](X))
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Iterates for the abstract corolla
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Abstract interpretation of the (graphic)
language

— Similar, but by syntactic induction on the structure of
programs of the language;
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On abstracting properties of graphic objects

— No, because we implicitly used the following implicit
initial abstraction:

where:

P is a set of pixels (e.g. pairs of coordinates)
ao(X) =UX

70()={GeP[GCY}
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On abstracting properties of graphic objects

— A graphic object is a set of (black) pixels (ignoring the
origin for simplicity);

— S0 a property of graphic objects is a set of graphic
objects that is a set of sets of (black) pixels (always
ignoring the set of origins for simplicity);

— Was there something
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Is it for fun (only)?

— Yes, but see image processing by morphological filter-
ing:

J. Serra. Morphological filtering: An overview, Sig-
nal Processing 38 (1994) 3-11.

It can be entirely formalized by abstract interpreta-
tion.
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Property abstraction
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end;
— Heaps: dynamic allocation;
— Control points: procedure names, labels, ...;
— States: control & memory states;
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Objects

When analyzing/proving programs we have to consider
“objects” that represent some part of the computation
state, such as:

— Values: booleans, integers, ...V
— Variable names: X
— Environments: X — V

— Stacks: assigning values to variables in the context of
block-structured languages: U (1,n] = (X V)
n>0
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— Finite prefix traces;

— Maximal finite or infinite traces (for deterministic pro-
grams);

— Sets of maximal finite or infinite traces (for nondeter-
ministic programs);

Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 56 — ©) P. Cousot, 2005
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Properties
Properties are “sets of objects” (which have that prop-
erty).
Examples:

— odd naturals: {1,3,5,...,2n+1,...}

— even integers: {2z | z € Z}

— values of integer variables: {z € Z | minint < z <
maxint}

— values of maybe uninitialized integer variables: {z €
Z | minint < z < maxint} U {2y, | m € M} where M
is a set of error messages

TH
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 57 — <) P. Cousot, 2005

The complete lattice of concrete properties

The set of properties p(X') of objects in X' is a complete
boolean lattice:

<p(2)1 g) @7 21 U) ﬂ) _|>

where

— A property P € p(X) is the set of objects which have
the property P

— C 1is logical implication since P C @ means that all
objects with property P have property Q (o € P —=

0€Q)
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— equality of two variables X and Y: {p € X > V |X,Y €
dom(p) A p(x) = p(¥)}

— invariance property (of a program with states in X):
I € p(X)

— trace property: T € p(Z%)

— trace semantics property: P € p(p(Z%))
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- 0 is false (ff)

— X is true ()

— U is disjunction (objects which have either property P
and/or have property @ belong to PUQ

— N is conjunction (object which have property P and
have property @ belong to PN Q)

— —is negation (objects not having property P are those
in X\ P)

TH
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Abstraction, informal introduction

— Abstraction replace someting “concrete” > by a schematic
description that account for some, and in general not
all properties, either known or inferred i.e. an “ab-
stract” model or concept

— In practice, such an abstract model of a concrete object
o

- can describe some of the properties of the concrete
object
- cannot describe all properties of this concrete object?

2 real, actual, material, corporeal, ...

3 since otherwise this property would have to be “exactly that object” i.e. {o}
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Intuitive example 1 of abstraction

Cars —%» Trademarks*

— A concrete property of cars is a set of cars

— It can be abstracted by the set of their trademarks
— A trademark is a set of cars

— An abstract property of cars is a set of cars which,
whenever it contains one car of some trademark, also
contains all cars of that trademark

4 Formally, if ¢ € Cars — Trademarks yield the trademark t(c) of a car ¢ € Cars then the abstraction of
P € p(Cars) is a(P) = {t(c) | ¢ € P} and the set of cars described by an abstract property T C Trademarks
is 4(T) = {c € Cars | t(c) € T}.
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— So an abstraction of properties in gp(X') of objects in
X is essentially a subset A C p(X') such that:

- The properties in A are the concrete properties
that can be described exactly by the abstraction,
without any loss of information

- The properties in p(X)\ A are the properties that
cannot be described exactly by the abstraction,
and have to be referred to by being approximated
in some way or another by abstract properties in
A
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Intuitive example 2 of abstraction

Scientific papers %, set of keywords ®

— A concrete property of scientific papers is a set of scientific
papers

— Each scientific paper is abstracted by a list of keywords

— A property of scientific papers can be abstracted by the list of
keywords appearing in all papers with that property

— An abstract property of scientific papers is therefore a set of
papers which have all keywords belonging to the list

5 Formally if w € Scientific papers — Words provides the set of words w(p) appearing in a paper
p € Scientific papers and Keywords +— Words is a given list of keywords, then a property P &
p(Scientific papers) is abstracted by the set of keywords a(P) = {w(p) N Keywords | p € P} and a set
K of keyworks stands for the concrete property y(K) = {p € Scientific papers | K C w(p) N Keywords}.

nir
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Abstraction, definition of concrete and Direction of abstraction

abstract properties L
PIop — When approximating a concrete property P € p(X),

Abstraction in a reasoning/computation such that: by an abstract property P € A, with P # P, a rela-

— Only some properties A C p(X) of the objects in X tion must be established between the concrete P and
can be used; abstract property P to estabblish that

— The properties P € A that can be used are called “P € A is an approximation/abstraction of
abstract; P e p(X)

— The properties P € gp(X) are called concrete;, so as to ensure the soundness of the reasoning in the

abstract with respect to the concrete, exact one.

III--
" Course 16.399
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— Abstract reasonings/computations involve sound ap- — We consider essentially two cases:
proximations, in that: - Approximation from above: P C P
- The concrete properties that are also abstract can be - Approximation from below: P D P
used in the abstract reasoning/computation “as is”, — Other relations can be considered (e.g. probabilistic
without any loss of information; properties)
- The concrete properties.P € p(X) \A which are nf)t — The two notions are dual so formally only one need to
abstract cannot be used in the reasoning/computation be studied formally (approximation from above)

and therefore must be approximated by some other
abstract property P € A, which, since P # P, in-
volves some form of approximation.

— In practice, useful approximation from below are much
harder to discover

III 1]
" Course 16.
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Abstraction from below

x: points which have the concrete property P
o: points which have the abstract property P

— To answer the question “(z, y) € P?” using only P (such that
PC P):

- If (z, y) ¢ P then “I don’t know”
- If (z, y) € P then “Yes”
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Why can an abstraction from above be
“simpler” than the original concrete property?

— The concrete property is a set of objects
— The objects are complex
— The set can be infinite
— In general their exists no suitable computer repre-
sentation of the concrete property
— The abstract property is a larger set of objects
— larger structures are in general even more expensive

to store in the computer memory/compute with than
smaller ones
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Abstraction from above

x: points which have the concrete property P
o: points which have the abstract property P

— To answer the question “(z, y) € P?" using only P (such that
PO P):
- If (z, y)t € P then “I don’t know”
- If (z, y)t ¢ P then “No”
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— but, well-chosen larger structures can have simpler
encodings which can ve exploited for memorization
and computation

— Example:

Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 72 — ©) P. Cousot, 2005
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What to do in absence of (upper) abstraction?

— Assume a mechanized reasoning about a computer sys-
tems with objects/states X, we use an abstraction
ACp(D)

— Assume concrete properties P € p(X) which cannot
be expressed in the abstract, must be approximated
from above by Pc A: PO P

— How should the mechanized reasoning proceed when

some property P has no abstraction P € A from above
(VPc A: P2 P)?

Minimal abstractions

— Assume concrete properties P € p(X) must be ap-
proximated from above by P € A C p(X) such that
PCP

— The smaller the abstract property P is, the most pre-
cise the approximation will be

— Obviously, there might be no minimal abstract prop-
erty at allin A

- loop?
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- block? — If a concrete property P € p(X) has minimal upper
- ask for help? approximations P € A:
- fail? -PCP

- answer something sensible!

— The only way to be always able to say something sen-
sible for all P € p(X) is to assume that X € A:
Any concrete property should be approximable
by “I don’t know” (i.e. X € A, Y meaning
“rue”)
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- /Hﬁ/ P C PcP
then such minimal approximations are more precise
than the non-minimal ones

— So minimal abstract upper approximations, if any, should

be prefered

— In particular, an abstract property P € A is best ap-
proximated by itself
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In absence of minimal abstraction

— A classical example of absence of minimal abstract
upper-approximations is that of a disk with no mini-
mal convex polyhedral approximation [1]

- Y =RxR
- A = convex polyhedra

- Absence of minimal approximation is shown by
Euclide’s construction:
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Example of minimal abstractions in absence
of a best approximation

(L,C) (L,E)

— z can be approximated by y = 7(y) and z = y(Z) but
y and z are not comparable.
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— In absence of minimal approximations, the approxima-
tion P C P can always be approximated by a better
one PC P, C P!

— Some arbitrary choice has to be performed. This case
will be studied later (see [2]). So, in the following, we
assume the existence of minimal approximations

_ References

[1] P. Cousot and N. Halbwachs. Automatic discovery of linear restraints among variables of a program. In
Conference Record of the Fifth Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming
Languages, pages 84-97, Tucson, Arizona, 1978. ACM Press, New York, NY, U.S.A.

[2] P. Cousot and R. Cousot. Abstract Interpretation Frameworks. Journal of Logic and Computation, 2(4):511—
547, August 1992.
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— The other possible upper approximations would be less
precise (than both y and z in that particular example)

— Notice that v cannot be the upper adjoint of a Galois
connection since it is not a complete meet morphism:
(@) A (Z) #1([YMz)

— Abstraction in absence of best approximation is stud-
ied in [2]
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Which minimal abstraction to choose? Best abstraction

— If there are several minimal possible abstract approx- — A very handy choice of the abstract properties A C
imations P, Pg, ... ° of a concrete property P, the ©(X) is when every concrete property P has a best
most useful choice (ultimately providing the most pre- approximation P € P:
cise unformation) may depend upon the circumstances _pPCP

and on later reasonings/computations

— — — =
— Example: rule of signs. -VP eA:(PCP)= (PCP)

~ In “140, it is better to chose ‘+’, because of the rule ‘+' + 4+’ = — It follows that P is the glb of the over-approximations
‘+’, while ‘+’ + ‘-’ yields no information (I don’t know) of Pin A:

- In “(-1)40", it is better to chose ‘-’ because of the rules (- ‘+’) = ‘-’
and -’ + ‘-’ = ‘-, while ‘-’ + ‘+’ yields no information (I don’t know)

P=({P cA|PCP}eca

- Both cases have to be tried (backtracking)

6 There can even be infinitely many ones.
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— In absence of unicity of the minimal approximation, PROOF. — Wehave VP € {P' € A|PCP}: PCPso PC({P € A|PC
it may be necessary to try all of them (at the cost of P} by def. glb 1 . B L
an exponential blow up of the mechanical reasoning). - Moreover VP € A: (PC P) = (P € A|PCP}CP)
This case will be studied later (see [2]). - fofollows that P=({P e 4[PCP} L
- So[FP: (PCP)A(VP € A: (pCP)= (PCP) « [P=({P ¢
— To start with, we will assume the existence of a best A|PCP}cA
approximation (i.e. a unique minimal upper approxi- =

mation).
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The abstract domain is a Moore family

THEOREM. The hypothesis that any concrete property
P € p(X) has a best abstraction P € A, implies that
The abstract domain A is a Moore family.
|

Proor. — Let X C A be a set of apstract properties. Its intersection (X
has a best approximation P € A. We have therefore

P=({PealXxCP}
But VP e X :NXCPand X CAso X C{P € A|NX C P} and
therefore ({P € A | (X C P’} C ()X by def. of glb. By antisymmetry,

NX={P €A|NX CP}=Pc A, proving A to be a Moore family.
O
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Example and counter-example of Moore
family based abstraction

— Example: rule of signs with best approximation of 0
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In particular (0 = X' € A, which is consistent with our
hypothesis that A should contain ' to have the ability
to express “I don’t know”.

[TH
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— Counter-example: rule of signs without best approxi-
mation of 0
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— Counter example: rule of sign without upper approx-
imation of “different from zero”
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Closure operator based abstraction

Assume that the abstract domain A is a Moore family
of the concrete domain (p(X), C, 0, X, U, N, =). Then
the abstraction map is

p e p(X)— A
)éﬂ{PemPcp}

Then p is an upper closure operator on p(X).

PROOF. p is the closure operator induced by the Moore family, a result simply
depending on the fact that (p(X), C, 0, X, U, N) is a complete lattice. O
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— Example: abstraction to 0 or different from 0

[TH
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Example of abstraction map

Moore family Abstraction map
(closure operator)
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Eiquivalent specification of an abstraction by a
Moore family and a closure operator

In case of existence of a best abstraction, it is equivalent
to specify the abstraction domain A

1. as a Moore family M
2. as a closure operator p

PrROOF. — Given M defined p(P) = N{P € M | P C P} € M} so that
A=M=p(p(X))

— Conversely, given a closure operator p, define A = p(p(X)) = {p(P) | P €
©(2)} which is therefore the set of fixpoints of p whence a Moore family

since p operates on a complete lattice
O
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Generalizing to complete lattices

— The reasoning on abstractions of concrete properties
(p(2), C, 0, X, U, N, =) to an abstract domain which,
in case of best abstraction is a Moore family, whence
a complete lattice, can be generalized to an arbitrary
concrete complete lattice (L, C, L, T, LJ, M)

— This allow a compositional approach where (L, C, |,
T, U, M) is abstracted to (A1, Cq, L1, T1, U, M)
which itself can be further abstracted to (Ay, Ty, Lo,
Tao, U, M), ...
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Examples of specifications of an abstractionby
a Moore family and a closure operator

— The most imprecise abstraction is “I don’t know”
- M={%}
-p=AP. Y
— The most precise abstraction is “identity”
- M= p(5)
-p=AP.P
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Correspondance between concrete and
abstract properties
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Given a closure operator p on a poset (L, C) (typically L
is (X)), Morgado’s theorem states that for all P, P’ € L

p(P)E p(P') <= P L p(P)

that is, by definition of Galois connections (17, Pxzel. z):

PrOOF. We must prove Vz € L : Vy € p(L) : (p(z) C y) < (z C 1.(y)).
We have y € p(L) iff 3z € L : p(z) = y so that this condition is equivalent
toVz,z € L : (p(z) C p(z)) < (z C p(z)) which directly follows from
Morgado’s theorem. Moreover, p is surjective on p(L). a
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By composition, we get:

(L, B) &——= (4, %)
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Correspondance between concrete and
representations of abstract properties

— Let (A, <) be an order-isomorphic representation of
the abstract domain (p(L), C). We have

(p(L), C) == (4, <)

where €1 is the inverse of the bijection € € p(L) »» A
and € € p(L) — A.
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Specification of an abstract domain by a
Galois surjection

— Inversely, we can consider a Galois surjection

(L, C) = (4, <)

— Then p = 7 o a is a closure operator and (A4, <) is
order-isomorphic to (p(L), C)

— We have an order-isomorphic representation of the ab-
stract domain (p(L), C), which is a Moore family.
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Specification of an abstract domain by a
Galois surjection, example

A graphical illustration of the specification of
an abstraction by a Galois surjection

— Abstraction of a set of point in R? by an interval:

— Concretization:
Because o is surjective, 7y is injective and order is preserved, each element
in the Moore family {1,0,—, -+, T} has a unique isomorphic representation
{L,0,—1,+1, T}. This would not be the case when « is not surjective.
Illil- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 101 — (©) P. Cousot, 2005 Illil- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 108 — © P. Cousot, 2005
. . 7 7 = — The abstraction o is monotone:
Galois Connection (L, C) — (L, C)
hL ;v i HL ;v i

y

Jid

>

E

ol

— @ Moore family of best approximations;
— [ concrete values with the same abstraction.
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— The concretization 7y is monotone:

Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 105 — <) P. Cousot, 2005

— The composition a o v is:
- The identity for Galois surjections

- Reductive (ideed a lower-closure operator) for Ga-
lois connections’

7 providing the least abstract properties with similar expressive power that is same concretization.
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— 7 o a is extensive (indeed an upper-closure operator):
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— The intuition of C is that P C P’ implies v(P) C y(P')
so that P is more precise than P when expressed in
the concrete

— So a o y(P) C P means that concretization can loose
no information, since if the concrete property P is
overapproximated by P then

P Cv(P)
& P Cy(aoy(P))

so that using P or a o (P) is exactly the same in the
concrete, as far as precision is concerned.
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Why are abstract domains complete lattices in
the presence of best abstractions?

— The abstractions start from the complete lattice of concrete
properties (p(X), C, 0, X, U, N, —) where objects in X' repre-
sent program computations and the elements of p(X') represent
properties of these program computations

— We have defined abstract domains with best approximations
in three equivalent different ways (more are considered in [3])

- As a Moore family;

- As a closure operator (which fixpoints form the abstract
domain);

- As the image of the concrete domain by a Galois surjec-
tion.
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Relaxing the condition on the uniqueness of
the representation of abstract properties:
Galois connections

— Assume the correspondence between concrete and ab-
stract properties is a non-surjective Galois connection:

— 7 is not surjective, which means that at least two dif-

ferent abstract properties P; and Py have exactly the
same concretization:

Py # Py Avy(Py) =v(P2)
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— In all cases, it follows that the abstract domain is a complete
lattice, since we have seen that:

- A Moore family of a complete lattice is a complete lattice;
- The image of a complete lattice by an upper closure op-
erator is a complete lattice (Ward);

- The image of a complete lattiec by the surjective abstrac-
tion of a Galois connection is a complete lattice.

— In general this property does not hold in absence of best ab-
straction or if arbitrary points are added to the abstract domain
as shown next.

_ Reference

[3] P. Cousot and R. Cousot. Systematic design of program analysis frameworks. In Conference Record of
the Sixth Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, pages
269-282, San Antonio, Texas, 1979. ACM Press, New York, NY, U.S.A.

[TH
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 110 — (©) P. Cousot, 2005

Example of non-surjective Galois connection
based abstraction

Here “1” and “+1” are two different encodings of the same
concrete property + (i.e; positive or zero).
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Reduction

— With non-surjective Galois connections (L, C) & (A, <),
there are at least two different representations in t%e abstract
of at least one concrete property

— This may happen when abstract computer representations of
the same concrete property are not unique (e.g. sets repre-
sented by ordered trees)

— Reduction is always mathematically possible, by considering
(L, C) ’Y:E (A=, <) where P = P = y(P) = 'y(ﬁ/),

a=

Standard examples of abstractions
formalized by Galois connections

- — — — —
a=(P) = [a(P))=, 7([P=) = 7(P) and [Pl= <= [F)= =
PP
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— Example: Subset restriction abstraction
def

- Abstract properties are intervals [a, b] meaning y([a, b]) =
{z | minint < a < z < b < maxint}

- The empty set is represented by any [a, b] with b < a. This
can be left as is or normalized as e.g. [maxint, minint]

- The supremum is represented by any |[a, b] with a < minint
and maxint < b. This can be left as is or better normalized
as e.g. [minint, maxint|

— Sometimes it is better to have a “normal form”, but this reduc-
tion may also be sometimes algorithmically very expensive
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If
— Cisaset, ACC is a strict subset
—ap(X)EXnA
— ya(Y) (Y U—A) where ~A ¥ C\ 4
then

YA

PROOF. ay(X)CY < (XNA)CY < X C (YU-4) < X Cya(Y).
IfY € p(A) then a(A) = A proving a to be onto. O
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— The intuition is that we approximate a set by remem-
bering a few members

— Example: tests
- C 1is the set of all program execution traces
- A is the subset of traces explored by tests

- v(P) = P U —A i.e. nothing is known about exe-
cution traces which have not been tested!

— Example: keywords of a scientific paper
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— The intuition is to record whether a given property
holds (tt) or whether it is not known whether it holds
or not (ff).

— Example 1: this is called “predicate abstraction” (to
be further developped later)

— Example 2: ¥ = (¢, m), c is a control point, m is
a memory state, S = {{(c, m) | m(X) = 0} records
whether variable X is null.

— Example 3: green mark on tags of vegetarian partici-
pants in CS conferences
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Subset inclusion abstraction

If

— Cisaset, S C C is a strict subset

- ag(X) = (X C 8)
—ys(®) ¥ (b2 5:0)

then
s
PrROOF. a5(X) &b <— b= (XCS) < (b?(XCI9:tt)

(b2(XCS):(XCC)) « XC(b28:C) « X Cys(b). as is onto
since ag(S) =tt and as(C) = (C C S) =ff since S C C. m]

III 1]
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Elementwise/homomorphic abstraction
If

- Q@:C— A elementwise abstraction

- ag(P) o {Q(p) | p € P} set abstraction

- 710(Q) = {r| Q(p) € Q} concretization
then e
((C), ©) o= (e(4), ©)
Proor. Given X C C and Y C A, we have
ag(X)CY
= {Q(z)|zeX}CY {def. ag$

—= VreX:0(z)eY {def./ C§
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— XC{zeC|Q)eY}
— X Cra(@)}

(def./ C§
{def./ va§
O

— The intuition is to remember only one characteristics
Q(z) of the objects z which satisfy the concrete prop-

erty.
— Example 1: trademark of cars
- C: set of all cars
- A: set of all car trademarks
- @Q(c): trademark of car c

- a@(X): trademarks of cars in set X
- 7a(T"): all cars which trademark is in T'

III--
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Y
- (p(C), C) & (p(A), C) when @ : C +» A is onto
Q

— Often rediscovered (e.g. abstract model-checking)
— Often misunderstood (e.g.: (@, 7) instead of (e, 7))

III -
n Course 16.399
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— Example 2: signs
-@:Z—{-,0,+}

Sez) ¥ - ifz<o0

d:efO ifz=0

i oifz>0
— Example 3: congruence

-@ecZ—Z/n,n=3

- Q(z) & |z| mod n

III--
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Functional abstraction

If
— DY and DY are sets
- (L, C, 1, T, U, My is a complete lattice
- @: Dl DI
~ac (DV— L) — (D} L)

a(f) = My L{f(2) | @(z) = v}
~ye (Dl L) — (DY — L)

Yg) Ego@
then

(Dfs I, ©) &= (Dh s L, )
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PrOOF. a(f)Eg <= Vy:a(f)(y) Cg(y) <= Vy:|{f(z)|@z) =y} C
9(y) = Vy:vz:(Q(z) =y) = (f(z) E 9(y)) < Vz: f(z) C g(Q(z))
= fLg-Q@ < fL(g) 0
— Example: this is a generalization of the previous ho-
momorphic abstraction with L = {ff, %t} ordered with
ff C #% using the representation of sets by their char-

acteristic function.
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ProoF. a(X)CY «— {y|IzeX:(z,y) €@} CY — Vy:(Jz e X:
(¢, y) €Q) = (y€Y) < Vy: V:ceX (z,y)eQ@) = (ye€Y) <
Ve X :Vy:((z,y) €Q)= (y€Y) «— XC{z|Vy:((z,y) €Q) =
(yeY)} = X Cr(Y). 0
— A generalization of the homomorphic/elementwise ab-

traction using a relation instead of a function @.
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Relational Abstraction
If
- @c phx pt
— a € p(DV) — p(DH)
a(X) ¥ {y| 3z € X : (z, y) € @} = post[@]X
— v € p(DF) > p(DY)
YY) E {z |Vy: ((z, y) € @) = (y € Y)} = pre[@]Y
then
(p(D1), C) == (p(D"), C)
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Relational lattice abstraction
If
- (A, C, L, T,U, M)  Abstract domain (complete lattice)
- pE€p(CxA)
—ap(P) = [{ac A|3pe P:(p a)€ p}
. Set abstraction

—Yp(a) = {p|Va € A: ({p, d/) € p) = (o’ C a)}
Concretization

Abstraction relation

then o
(p(C), C) == (4, 0)

&p
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I'lii Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 128 — ©) P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

PrOOF. VP C C, VY € A:

a,(P)CY
« | facA|3peP:(pa)cp}CY
< VacA:(IpeP:(p,a)cp}) = (aCY)
< VacA:VpeP:(({p,a)€p}) = (aCY)
— VpeP:VacA:(({p,a)€p})= (aCY)
— PC{p|VacA:((p,a)€p})= (aTY)}
& P Ca)

{def. af
{def. |]§
{def. =§
{def. V§
{def. C§

{def. v,
O

— Intuition: the weakest abstract property in relation

with the concrete elements

TH
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005
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— Example 2 (semi-dual of example 1):
If
- @ ¢ DIV (DY)
- a € p(DY) — (DM
a(X) = N{@(e) | 2 € X}
- 7 € p(D!) = p(DY)
YY) < {y|e(y) DY}
then
(p(DY), C) == (p(DM), 2)

ProoF. a(X)2Y «— ({Q(z)|z€ X} DY «— Ve X:Q(z)DY
— XC{z|0(z)eDY} < X CH((Y). o

THd
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— Example 1:
If

- @ ¢ Db (DM
- o € p(DlY) s (D)

a(X) = U{e(z) |z € X}
- v € p(D¥) s p(DN)

1Y) E {y | Q(y) C Y}
then

g
Proor. a(X)CY «— U{Q(z)|z€ X} CY «— Ve X:Q(z)CY

— X C{z]0(z) cCY} — X CA(Y).

T

ourse 16.399: “Abstract interpretation”, Tuesday, April 12, 2005

O
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Minimal Abstraction
If
- (L, <, 0, 1, A, V) complete lattice

—am € p(L)— L
def

am(S) = A\S
- Ym € L— p(L)
Ym(t) = {z € L|£< gz}
then -
{p(L), ©) &— (L, 2)
PrOOF.
am(S) >4

III--
" Course 16.399
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= A\s

< VeeS:z>¢

— SC{zecL|z>{}

= S Cm(t)

Given S € L, a({S}) = A{S} = S proving o onto.

— Approximate a set by its glb

— Example: (ZU{-inf, +inf}, <, —o0
+00, min, max)

TH
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{def. af

{def. AS
{def. C§

(def. Y §

¢) P. Cousot, 2005

— Approximate a set by its lub
— BExample 1: (ZU{-inf, +inf}, <, —o0,
+00, min, max)

— Example 2: X: objects, p(X): semantics, p(p(X)):

semantic properties, (p(X), C, 0, X, U, N) complete
A

lattice and (p(p(X)), ©) G—S:p(s (p(X), ©), as

AS. S

already seen with the flowers example on page 51.

THd
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Maximal abstraction

If
- (L, <, 0, 1, A, V) complete lattice
—oy €p(l)— L
au(8) = VS
—vm € L p(L)
M) E{z € L|L> 1}
then s
(L), ©) s (L, <)

PROOF. Duality on L.

TH
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Interval abstraction

If
- (L, <, 0, 1, A, V) complete lattice
-a;€p(L)—~LxL

ai(S) E [\ S,V 8]
- v € LxLw— p(L)

Yi([a, b)) E{z € L|a<z<b}
then

(p(L), ) == (L x L, ©)

def

where [a,b] C [a/,b'] = (o’ § aANb<?)

TH
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Proor.
am(S) > [a, b

= [A\SVSIC [a,b] {def. o
= a< \SA\/S<b {def. C§
= VeeS:a<zAVyeS:y<b {def. A\ and \/§
= VzeS:a<lz<b {def. V and A§
— SC{zecL|a<z<b} {def. C§
= S C7i([a, b)) (def. 7§
This is also the reduced product of the minimal and maximal abstractions
(see later). O
Illil- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 137 — © P. Cousot, 2005

Abstraction of a function at a point

If
— S is a set with element s € S
- (L, C, 1, T, U, My is a complete lattice

def
- as(f) = f(s)
def
-vs(v) = Az (z=s5%v:T)
then ”
. S
Qs
PROOF. as(f)Ev <= f(s)Cv < VzeS:f(z)C(z=52v:T)
= Vz € S: f(z) Evs(v)(z) <= fLE7s(v) o
Illil- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 139 — © P. Cousot, 2005

— Approximate a set by the pair of
its glb and lub

— Example: (ZuU{—inf, +inf}, <, —o0,
+00, min, max)

— a;(0) = [+00, —00] is the infimum

- a;(L) = [—00,400] is the supremum

[TH
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Abstraction of a function at a set of points
If
— S is a set with subset T' € S
- (L, C, L, T, U, ny is a complete lattice

-or(f) € My ey f(y)
—'yT(cp)dZEf)\a:E S(zeT?p(z):T)
then

(8~ 1, B) & (L, )

S

PROOF. ar(f)E ¢ < VyeT:ar(f)(y) Coly) < YeT: f(y)C
ply) = Vze€S: f(z)C(z€T?¢p(z):T) & fLAzeS (ze€T?
p(2):T) = fE(p). O
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Example: approximate an invariance specification at- = VyeT:aip)(y) Cy(y) {def. C§
taching an invariant assertion to each program point = VWeT: pof(y) CY(y) (def. af§
of a program/procedure by a precondition at the pro- = VzeS:VyeT: (f(y) =z) = (p(z) E¥()) (def. o and =§
gram /procedure entry and a postcondition at the pro- = VzeS:p@ L[ Hu) |y eTAf(y)=a} (def. T3
gram /procedure exit: = pLrees [[u@)yeT i) =q} (def. C§
) = oL (¥) (def. 7§

— S: set of program points 0

— T = {entry point, exit point} — We get the previous example (on page 140) with L =

— L = p(X+ V), assertions {tt,ff} and f is an injection.

- I € S — L, invariants attached to each program
point

— The top is X — V (“I don’t know”)

[TH [TH
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Lattice abstraction of a function at a set of points Abstraction of a set of functions by a function
If If
— S and T are sets - & C D~ C is a set of functions
— def
{LEETST L, M) i lete latti - a(® “dede(a)| o€ )
-(L, C, 1, T, L, is a complete lattice def
def - 7;(#) = {p | Vz € D: p(z) € ()}
—af = Ap.pof def
7 N de THU() |y € T A () = 2} S O e Bl
_ f — . . = def
L . - 1p(¥) = Az 2({z})
then (S— L, C) <a:> (T'— L, C) then
f Vf . 7 5 )
PROOF. (p(D+— C), C) a—f> (D= p(C), ©) Tz» (p(D) — p(C), ©)
as(p) Ty PROOF. Given & € p(D - C), ¥ € D s p(C)

ir n:
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ap(¢) C ¥

Xz {p(z) | ped}C¥

Vz € D:{p(z) | p € $} C ¥(z)
Vz € D:Vp € d:p(z) € ¥(z)
Voed:VzeD:pz)c¥(z)
$C{p|VzeD:y(z) € ¥(z)}
¢ C 75(¥)

[

{def. oy
{def. C§
{def. C§
{def. V§
{detf. C§
{def. C§

Given ¢ € D — p(C) and X; C D, © € A, we have:

— o) X))

€A

= U &(z)

zeUieA X;

[TH
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= ax . 2(|J{=))
= AX @(38{

= Vv
— Yo ap(d)
= Az-ap(¢)({z})

=z |J 8y
ye{z}
= Az-$(y)

=&

proving that oy is a bijection with inverse 7,.
— o) CY

= P © op(P) € 7(¥)

= & C 7,(¥)

[TH
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{"7p monotone§
{bijection§

— 147 — <) P. Cousot, 2005

= [J#(x)
€A
= JUte@) = € x3

- UUse@

cAzeX;

= Ja(@)(x)

€A

proving that a,(®) € p(D) — p(C) is a complete join morphism.

— oo 7p(¥)
= X [ %) (<)

zeX

= ax. J #{ed)

zeX

Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005

{assuming ¥ € p(D) +— p(C)§

— 146 — ©) P. Cousot, 2005

= ap(P) C ap o 7p(¥)
— () C ¥

{ op monotone

{bijection§
O

— Example 1: often used as a set-transformer collecting
semantics p(D) — p(C)) for functions (possible values
of the result as a function of the possible values of the
argument, not general enough as a collecting semantics

(use p(D — C), see [4])

— Example 2 (Cartesian abstraction):

- Given a set X of variables and V of values, properties
P of environments p € X — V belong to p(X — V)

that is are sets of functions

TH
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- The abstraction af(P) consists in considering an ab-
stract environmenty R € X — (V') which records
the possible values of the variables XX € X in anyone
of the concrete environments p € P:

af(P) = X € X {p(x) | p € P}

- All relations between values of variables are therefore
lost. For example:

ap({{x— 0,y — 1},{x+— 1,Y+~ 0}})

= {x—{0,1},vy— {0,1}}

so the fact that X + vy =1 is lost.

Abstraction of lattice functionals
If
- S, T are sets
- (L, C, 1, T, U, My is a complete lattice

~FLG¥vfe S T:F(f)CG(f)

~pCypEvseS:VyeT: p)(y) C 9(z)(y)
- a(F)d—ewaes Xy T | {F(f)] f(z) =y}
1p) EAfes—T [He(x)(f(z) |z € X}

then

(8—T)— L C) &= (S~ (T+— L), C)

IIT e 00, hbmtract mterpretation’, Tuesday, Apri 12, 2005 e & P. Gousct, 2005 IV (o 16.305: “abstract interpretation’, Tuesday, April 12, 2005 s & P. Cousot, 2005
An important particular case is that of a pair (z, y) PROOF.
understood as {0 — z,1 — y}i.e. a map from selectors a(F)C o
to fields. = Az My | KF(f) | f(=)=y}Co
— VzeS:VyeT:| {F(f)| f(z) =y} C o(z)(v)
= VeeS:VeT:VfeS—T:(f(z)=y) = (F(f) E o(z)(v))
= Ve S:VfeS—T:F(f)Ce(z)(f(z))
= VfeS—T:VzeS:F(f)C p(z)(f(z))
= VfeSwT:F(f)C| fe(@)(f(z) |z € S}
= FLAfeSHT-[ fe@)(f(z) |z € S}
— FL1(p)

_ Reference

[4] P. Cousot and R. Cousot. Higher-order abstract interpretation (and application to comportment analysis
generalizing strictness, termination, projection and PER analysis of functional languages), invited paper.
In Proceedings of the 1994 International Conference on Computer Languages, Toulouse, France, pages
95-112. IEEE Computer Society Press, Los Alamitos, California, usa, 16-19 May 1994.
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O

— The particular case of the previous example on page
144 is obtained with L = {t,ff} with ff C #

THA
I I" Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 152 — ©) P. Cousot, 2005


http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

Componentwise/Cartesian abstraction of a set

Pointwise abstraction composition

of pairs If
e - (P, 9 =5 (@,0)
- ap(S Jy:(z,y) €S dz:(z, y) €S
p(5) = <{ l @ 9) b v @ Y] Y - (f) d—ef As € S.a(f(s)) pointwise abstraction
- (X, )= {(z, y) [z€ X Ay Y} .
def - (9) € As € 8.9(g(s))
- (z,y) Co(a,y) =z Ca'nyCy det o ,
then - fCg=EVzeS: f(z)Cg(z) pointwise ordering
(p(D1 x D2), C) = (p(D1) x p(D2), Ca) then
Proor. <S = P <> a <S = Q, _>
ap(S) Ca (X, Y) PROOF.
= ({z|3y:(z,9)eS}h {y|3z:(z,y) €SH S (X, Y) &(f)Eyg
IIIII- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 153 — © P. Cousot, 2005 Illil- Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 155 — (© P. Cousot, 2005
—= {z|: (&, yeSC XA {y|Fz:(z,y) €SICY vz € S:a(f)(z) C g(z) {def. C§
— SC{(z,y)|lzeXAnyeY} Ve S:a(f(z)) C g(z) {def. &f
—= SCy(X,Y)) Ve S: f(z) <v(9(z)) {Galois connection§
o vz e S f(z) < (9)(e) (def. 4§
— Intuition: abstraction of relational to independent prop- f <4(9) {def. <§
erties, same as on page 144, up to the encoding .
— Example: — Used to lift abstractions to vectors (e.g. from one to
many variables, from one to many program points,

- op({(1, 2), (3, 4}) = ({1,3}, {2,4})
- (41,3} {2,41) = {(1, 2), (1, 4), (3, 2), (3, 4}

[TH
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etc.)

TH
I'lii Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 156 —

<) P. Cousot, 2005



http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot
http://web.mit.edu
http://www.mit.edu/~cousot

Example 1: attribute independant environment
abstraction

— X € X: set of variables

— V: set of values

— p(V): properties of values

- p € X+— V: environments

- p(X — V): properties of environments

- (X V), ©) s (K p(V), D)

ap(P) Z xx e X {p(x)| p € P}

III--
" Course 16.399
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Example 2: local invariants

— Same idea to abstract p(C — (X — V)) where C is
the set of control points

~ (p(C— X=V)), C) & (C— (X L), E)

III--
n Course 16.399
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i .
- (p(V), ©) = (L, C) abstraction of value proper-
ties

- (X = p((V), ) % (X L, C) pointwise exten-

sion “
&(R) €= xx € X . a(R(X))
V)
- (p(X—V), C) f: (x+— L, C) by composition
Othf

of Galois connection

.-
i

Jourse 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 158 — ©) P. Cousot, 2005

Componentwise abstraction composition

A particular case of pointwise abstraction applied to
pairs (more generally to vectors) is the following. If

- (P, <) == (P!, <
1
- (P, 2) == (P}, <
- X ¥ )z, ) (a1(z), a2(y))
abstraction
- E Xz, ¥) (1(z), 12¥))
then

Componentwise

III -
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- -
(PxQ, <x=) PR <pﬂ x Qi <f x <H> & vz e P a(f)(z) <! g(z) {def. XS
a” — Vz e Pl:a,o foy(z) <! g(z) {def. &f
PROOF. = Vz e P foyyz) < 7.(9(z)) { Galois connection§
(P, Py)) <tx <t (P! Ph = Yy EP:foyoayy)X7ccg°aqy) {for z = a4(y) and def. o
= (au(P), an(Py)) <"'x <" (P! P} = YyeP:fly) X7.0°9°a4(y) {f monotone and 74 o g extensive§
— O(l(Pl) Sn Plu A Ctg(PQ) ju Pzn — f = YeogeQqg szf j;
= P <yi(P) APy < ya(PY) = f29(9) (def. 75
e (P, P) < x < (1:(P}), m(Ph) = VYyeP:f(y)27°9°ay) (def. ¥ and <§
e (P, P) < x <y ((P}, P)) — Ve e P f(va(z)) < e g ° au(va(@)) {for z = 74(z)§
O — Vz € P': f(a(z)) 2 7o 9(z) {@qo va reductive, 7, and g monotone]
. . . . Vz e Pliage fo <t Galoi ti d def. o
— Used to lift abstractions componentwise to pairs/vectors. ooreene fevale) < () (Galols connection and def. HS
— a(f)2'g {def. & and <"
O
. e
Jourse 16.399: “Abstract interpretation”, Tuesday, April 12, 5 — — (©) P. Cousot, 2005 Jourse 16.399: “Abstract interpretation”, Tuesday, April 12, 5 — — ©) P. Cousot, 2005
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— Intuition:

Higher-order abstraction composition

If

<P <> a—d) <Pﬂ <ﬂ>

- (Q, X) == (Q, <h)

_, def

—)\QO Oc©° @Yoy
_, def
FE XM Yoo ay
then

(P2 Q, %) e (P2 o b

PrOOF. Given monotonic f € P +—— Q and g € P!+ Q!, we have:

a(f) <'g

Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005 — 162 — (© P. Cousot, 2005

— Used to lift abstractions at higher-order (in conjunction with
fixpoint approximation/transfer), see later.
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THE END

My MIT web site is http://www.mit.edu/~ cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399 /www/.

TH
I I“ Course 16.399: “Abstract interpretation”, Tuesday, April 12, 2005

— 165 — (©) P. Cousot, 2005



http://www.mit.edu/~cousot/
http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/
http://web.mit.edu
http://www.mit.edu/~cousot

	INFORMAL INTRODUCTION TO ABSTRACT INTERPRETATION
	A little graphical language
	Objects
	Example of an object: a flower
	Operations on objects : constants
	Operations on objects : rotation
	Example 1 of rotation
	Example 2 of rotation
	Operations on objects : union
	Operations on objects : add a stem
	Flower
	Fixpoints
	Contraints
	Iterates to fixpoints
	Iterates for the corolla
	The bouquet
	Upper-approximation
	Examples of upper-approximations of flowers
	Abstract objects
	Abstract domain
	Abstraction
	Example 1 of abstraction
	Example 2 of abstraction
	Comparing abstractions
	Concretization
	Example of concretization
	Galois connection 1/4
	Galois connection 2/4
	Galois connection 3/4
	Galois connection 4/4
	Galois connections
	Abstract ordering
	Specification of abstract operations
	Abstract petal
	Abstract rotations
	Abstract rotations
	A commutation theorem on abstract rotations
	Abstract stems
	Abstract union
	Abstract bouquet
	Abstract bouquet (cont'd)
	Abstract bouquet (end)
	A theorem on the abstract bouquet
	Abstract fixpoint
	Abstract transformer
	Iterates for the abstract corolla
	Abstract interpretation of the (graphic) language
	On abstracting properties of graphic objects
	On abstracting properties of graphic objects
	Is it for fun (only)?
	PROPERTY ABSTRACTION
	Objects
	Properties
	The complete lattice of concrete properties
	Abstraction, informal introduction
	Intuitive example 1 of abstraction
	Intuitive example 2 of abstraction
	Abstraction, definition of concrete and abstract properties
	Direction of abstraction
	Abstraction from below
	Abstraction from above
	Why can an abstraction from above be ``simpler'' than the original concrete property?
	What to do in absence of (upper) abstraction?
	Minimal abstractions
	In absence of minimal abstraction
	Example of minimal abstractions in absence of a best approximation
	Which minimal abstraction to choose?
	Best abstraction
	The abstract domain is a Moore family
	Example and counter-example of Moore family based abstraction
	Closure operator based abstraction
	Example of abstraction map
	Equivalent specification of an abstraction by a Moore family and a closure operator
	Examples of specifications of an abstractionby a Moore family and a closure operator
	Generalizing to complete lattices
	Correspondance between concrete and abstract properties
	Correspondance between concrete and representations of abstract properties
	Specification of an abstract domain by a Galois surjection
	Specification of an abstract domain by a Galois surjection, example
	Galois connection
	A graphical illustration of the specification of an abstraction by a Galois surjection
	Why are abstract domains complete lattices in the presence of best abstractions?
	Relaxing the condition on the uniqueness of the representation of abstract properties: Galois connections
	Example of non-surjective Galois connection based abstraction
	Reduction
	STANDARD EXAMPLES OF ABSTRACTIONS FORMALIZED BY GALOIS CONNECTIONS
	Subset restriction abstraction
	Subset inclusion abstraction
	Elementwise/homomorphic abstraction
	Functional abstraction
	Relational Abstraction
	Relational lattice abstraction
	Minimal Abstraction
	Maximal abstraction
	Interval abstraction
	Abstraction of a function at a point
	Abstraction of a function at a set of points
	Lattice abstraction of a function at a set of points
	Abstraction of a set of functions by a function
	Abstraction of lattice functionals
	Componentwise/Cartesian abstraction of a set of pairs
	Pointwise abstraction composition
	Example 1: attribute independant environment abstraction
	Example 2: local invariants
	Componentwise abstraction composition
	Higher-order abstraction composition
	THE END

